DRAFT

AN AUTOMATED EQUATIONAL LOGIC DERIVATION OF THE IMPLICATIONAL EQUIVA-
LENCE OF THE PRINCIPIA MATHEMATICA AND L UKASIEWICZ’S CN SENTENTIAL
CALCULI

Author: J. Horner, jhorner@cybermesa.com
Last modified: 4 July 2021/0940 CT

Abstract

Two logics are implicationally equivalent if the axioms and inference rules of each imply the axioms of the
other. Using the automated equational logic deduction system contained in Mathematica, | show the
implicational equivalence of the Principia Mathematica (PM) and tukasiewicz’s CN sentential calculi.
The proof appears to be novel.

1.0 Introduction
Two logics are implicationally equivalent if the axioms and inference rules of each imply the axioms of
the other.

Section 2 contains a summary of an automated equational logic derivation of the implicational equiva-
lence of Lukasiewicz’s CN sentential calculus ([1]; hereafter abbreviated “CN”) and the sentential
calculus of Principia Mathematica ([2]; hereafter abbreviated “PM”)

1.1 Some terminology
I assume the definitions of term, value of a term, variable, and constant contained in [4], Chapter 3.

A rewriting system is a system of R rules that transforms expressions that satisfy some well-defined set
of formation rules to another expression that satisfy those formation rules. For the purposes of this
paper, | restrict “rewriting system” to a rewriting system that concerns identities of terms.

Two terms are said to be identical if the values of the terms are equal for all values of variables occur-
ring in them.
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A reduction of a term T to a term T’is a (typically recursive) rewriting of T to T’ using a set of rewriting
rules R such that T’ is “simpler than” T (given some definition of “simpler than”). A reduction sequence
ofaterm Ttoaterm T’is asequence TO=T,T1,T2,T3,..., Tn=T, where each Ti s the result of applying
RtoTi-1,i=1,2,..,n.

If “simpler than” is a partial ordering ([5], Df. 21, 72 ) on a reduction sequence that begins with T and
ends with T’ in a system with a set of rewriting rules R, “simpler than” induces a reduction order ([4],
102) on the reduction sequence that begins with T and ends with T’. Aterm Tn is in normal form if no
application of R to Tn changes Tn.

Arewriting system is said to be finitely terminating if every reduction sequence of any term T produces,
in a finite number of iterations, a normal form of T. A rewriting system is said to be confluent if the
normal forms of all terms in the system are unique.

Some term rewriting systems are both finitely terminating and confluent ([4], esp. Chapter 9). Such
rewriting systems have unique normal forms for all expressions. This permits us to use the the output
of such a system to determine whether there is an identity between two terms T1 and T2 in the follow-
ing manner. If T1 and T2 and have the same normal form, then there is an identity

between T1 and T2. Otherwise, there is not an identity.

1.2 Mathematica’s equational logic inference algorithm

The inference algorithm in Mathematica’s ADF is the Knuth-Bendix completion algorithm ([6]). KBC
attempts to transform a given finite set of identities (an “input” to KBC) to a finitely terminating, conflu-
ent term rewriting system that preserves identity. Atinitialization, KBC attempts to “orient” the identi-
ties supplied in its input according to the KnuthBendix reduction order ([4], Section 5.4.4). This results
in an initial set of reduction rules. KBC then attempts to complete this initial set of rules with addi-
tional rules, obtaining their normal forms, and adding a new rule for every pair of the normal forms in
accordance with the reduction order.

KBC may
1. Terminate with success, yielding a finitely terminating, confluent set of rules, or
2. Terminate with failure, or
3. Loop without terminating.

2.0 Proof of “The CN and PM sentential calculi are implicationally equivalent”

The Mathematica ([3]) script shown in this section was executed on a Dell Inspiron 545 with an Intel
Core2 Quad CPU Q8200 @ 2.33 GHz and 8.00 GB RAM, running under Windows 10.
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cnl - cn3 are the axioms of tukasiewicz’s sentential calculus, expressed in Mathematica notation.

= c¢nl = ForAl11[{x, y, z}, Implies[Implies[x, y], Implies[Implies[y, z], Implies[x, z]]]]

ouftl= Yix,y,zy ((X=2Y) = ((y=2) = (X=2)))

in2i= c€n2 = ForA11[{x, y}, Implies[x, Implies[Not[x], y]] ]

out2l= Vix,y} (X= (!x=Yy))

n@l= €n3 = ForAll1[x, Implies[Implies[Not[x], x], Xx] ]

ouzl= Yy ( (! X = X) = X)

4= CNAxioms = {cnl, cn2, cn3}

ousr [Vixy,zy ((X2Y) 2 ((Y22) 2 (X22))), Yixy (X2 (1X2Y)), ¥k ((1X=X) X))

pm1l - pmb5 are the axioms of the sentential calculus of Principia Mathematica, expressed in Mathemat-
ica notation.
ins= pml = ForAl1l1[{x, y}, Implies[y, Implies[Not[x], y]1]1]

ousl= Yix,yp (Y= (LX=Y))

inel= pm2 = FOorAll1[x, Implies [Implies[Not[x], x], X]]

ouel= Yy ( (! X = X) = X)

in7:= pm3 = ForAl11[{x, y}, Implies[Implies[Not[x], y], Implies[Not[y], x]]1]
ourl= Vix,yy ((IX=2Y) = (Ly=X))
ingl= pmé4 =
ForAll[{x, y.z}, Implies[Implies[y, z], Implies[Implies[Not[x], y], Implies[Not[x], z]]]1]

ougl: Yixy ((Y=2) = ((IX=2Yy) = (!x=2)))

ne)= pm5 = ForAl1l[ {x, y, z},
Implies[Implies[Not[x], Implies[Not[y], z]], Implies[Not[y], Implies[Not[x], z]]]]

ouel= Vix,y,zy ((!X= (ly=2)) = (ly= (Ix=12)))

niiop= pmAxioms = {pml, pm2, pm3, pm4, pm5}

oo {Vigyy (Y= (1X=2Y)), Ve ((1X=2X) 2X), Yy ((LX2Y) 2 (Ly=X)),
Vi ((Y=22) = ((1x=Y) =2 (1X=2))), Yixy,z ((1X=(1y=2)) = (ly= (Ix=2)))]

Proof that CN implies PM.
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proofCNimppml = FindEquationalProof [pml, CNAxioms]

ProofObject [ \P;l Logic: Predicate/EquationallLogic Steps: 51
Theorem: Vi (y = (X =Y))

proofCNimppm2 = FindEquationalProof [pm2, CNAxioms]

ProofObject A | Logic: Predicate/EquationalLogic Steps: 17

| Theorem: ¥, ((Ix = X) = X)

proofCNimppm3 = FindEquationalProof [pm3, CNAxioms]

ProofObject [ \P;l Logic: Predicate/EquationallLogic Steps: 49

Theorem: Vi (1x 2 y) = (y = X))

proofCNimppm4 = FindEquationalProof [pm4, CNAxioms]

ProofObject [ \P;l Logic: Predicate/EquationalLogic Steps: 69

Theorem: Vg ((y 2 2) = (Ix 2 y) = (IX = 2))

proofCNimppm5 = FindEquationalProof [pm5, CNAxioms]

ProofObject [ \PJ Logic: Predicate/EquationalLogic Steps: 87

Theorem: v{x,y,z} (Ix=2(y=2)=(y=(x=22)

Proof of PM implies CN.

proofPMimpCN1 = FindEquationalProof[cnl, PMAxioms]

ProofObject [ \P;l Logic: Predicate/EquationalLogic Steps: 98

Theorem: Viyy 2 (X2 y) 2 ((y = 2) = (X = 2)))

proofPMimpCN2 = FindEquationalProof[cn2, PMAxioms]

ProofObject [ \P;l Logic: Predicate/EquationalLogic Steps: 36

Theorem: Vg1 (X = (1X = Y))

proofPMimpCN3 = FindEquationalProof[cn3, PMAxioms]

ProofObject [ \P} Logic: Predicate/EquationalLogic Steps: 24

Theorem: ¥y (!X = X) = X)



APPENDIX 1. Proof of CN implies PM1.

9= proofCNimppml ["ProofNotebook" ]
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Axiom 1

We are given that:

Yixy,z) ((X=2y) = ((y=2)=(x=2)))
Axiom 2

We are given that:

Yixyy (X= (1x=y))

Axiom 3

We are given that:

Vi ((1X=X) =2X)

Hypothesis 1

We would like to show that:
Vix,yy (Y= (1x2Y))
Equationalized Axiom 1

We generate the "equationalized" axiom:
X1== (x1] | (x28&&!x2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
x1== (x1&& (X2 | 1x2))

Equationalized Axiom 3

We generate the "equationalized" axiom:
(X1] |x2)==(x2] |x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(X1 ]| (x2&&x3) ) == ((x1]|x2)&&%(x1]| |x3))

Equationalized Axiom 5

We generate the "equationalized" axiom:
(11| X1 [x2) == (3o | !30)

Equationalized Axiom 6

We generate the "equationalized" axiom:

(1 (IXL][X2) |11 (1x2]1x3) | | 1X1] [x3) = (3o | !30)
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Equationalized Axiom 7

We generate the "equationalized" axiom:
(1 (x1]|x1) | [x1) = (e | a0)
Equationalized Axiom 8

We generate the "equationalized" axiom:
((x1&&x2) | | (x18&&x3) ) == (x1&& (x2] [x3))

Equationalized Axiom 9

We generate the "equationalized" axiom:
(Xx18&8&x2) == (x28&&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:
('Yol IX1]1Ye) = (a0l | a0)

Critical Pair Lemma 1

The following expressions are equivalent:
((x18&&!x1) | | x2) =x2

PROOF

Note that the input for the rule:

x1_| |x2_e>x2_ | | x1_

contains a subpattern of the form:

X1_|[x2_

which can be unified with the input for the rule:

x1_ || (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 3 and Equationalized Axiom 1 respectively.
Substitution Lemma 1

It can be shown that:

(VCUXL]X2) | ] (Ix2] [Xx3) [ ] 0x2] [Xx3) == (!X ] [ X1 ] [X1)

PROOF

We start by taking Equationalized Axiom 6, and apply the substitution:
Ao | !> !X1| [ X1 ] [Xg

which follows from Equationalized Axiom 5.

Substitution Lemma 2

[t can be shown that:
(L OIx2[x2) [[E(Ex2] [x3) || !x1][x3)==(!Xg]| [Xa][X1)

PROOF
We start by taking Substitution Lemma 1, and apply the substitution:

w1 11 Ve R RVl
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which follows from Equationalized Axiom 3.

Substitution Lemma 3

It can be shown that:

(XL] |1 (X2 |x1)) == (a0l | !a0)

PROOF

We start by taking Equationalized Axiom 7, and apply the substitution:
x1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 4

It can be shown that:

(XL| [t (x1][x1))=(ag]|!a0)

PROOF

We start by taking Substitution Lemma 3, and apply the substitution:
X1_||x2_-»>x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 5

It can be shown that:

(XT] [ (x2] Ix2) )= (!X ] X2 ] |X1)

PROOF

We start by taking Substitution Lemma 4, and apply the substitution:
Ao ['ag> !Xy | [X1] |Xg

which follows from Equationalized Axiom 5.

Substitution Lemma 6

It can be shown that:

(XT] [P (X2 [x2) )= (!X ] X2 ] [X1)

PROOF

We start by taking Substitution Lemma 5, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 7

It can be shown that:

VOO X2 |1 rx2_ | X30) | txA_ | [X3_sXq | |t (Xe | [ X1)
PROOF

We start by taking Substitution Lemma 2, and apply the substitution:

IXa l IXa I IXa9Xa 1 1! (Xa | IXa)
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which follows from Substitution Lemma 6.

Critical Pair Lemma 2

The following expressions are equivalent:
(X18&& (X2 | !x1)) == (x1&&x2)

PROOF

Note that the input for the rule:
(x1_8&&x2_) | | (x1_&&x3_)-»x1&&(x2| | x3)
contains a subpattern of the form:
(x1_&8&x2_) | | (x1_&&x3_)

which can be unified with the input for the rule:
x1_ || (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 8 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 3

The following expressions are equivalent:

((x1] | !'x1)&&x2) ==x2

PROOF

Note that the input for the rule:
x1_8&8&x2_»x2_&&x1_

contains a subpattern of the form:

x1_8&&x2_

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»>x1

where these rules follow from Equationalized Axiom 9 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 4

The following expressions are equivalent:
(x1&&x2) == (x1&& (! x1] | x2))

PROOF

Note that the input for the rule:
(x1_&&!x1_) | | x2_-x2

contains a subpattern of the form:
(x1_8&&!x1_) | |x2_

which can be unified with the input for the rule:
(x1_&8&x2_) | | (x1_&8&x3_)-»x18&& (x2]| [x3)
where these rules follow from Critical Pair Lemma 1 and Equationalized Axiom 8 respectively.

Critical Pair Lemma 5

The following expressions are equivalent:

(Y11 1YY= (w11 ] (1 ¥1RRV¥I) )
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PROOF

Note that the input for the rule:

(x1_||!x1_)&&x2_-x2

contains a subpattern of the form:

(x1_||!x1_)&8&x2_

which can be unified with the input for the rule:

(Xx1_| | x2_)&&(x1_| |x3_)->x1]|| (x2&&x3)

where these rules follow from Critical Pair Lemma 3 and Equationalized Axiom 4 respectively.

Critical Pair Lemma 6

The following expressions are equivalent:
(x18&8&x1) ==x1

PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)->x1&&x2

contains a subpattern of the form:
x1_&&(!x1_][x2_)

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 4 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 7

The following expressions are equivalent:
(x18& (1| [x2) ) = (x1&&(ap | | 130) )
PROOF

Note that the input for the rule:
x1_&& (!x1_| |x2_)-»x18&&x2
contains a subpattern of the form:

IX1_|[x2_
which can be unified with the input for the rule:
Ilall

where these rules follow from Critical Pair Lemma 4 and Equationalized Axiom 5 respectively.

Substitution Lemma 8
It can be shown that:
(x18& (x1] [x2) ) ==x1

PROOF

We start by taking Critical Pair Lemma 7, and apply the substitution:
x1_&&(x2_||!x2_)-»x1

vaiihaialh fAllavsin fommna Faviadiamalicad Aiawma N
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Critical Pair Lemma 8

The following expressions are equivalent:
(x1] | x1)==x1

oua- || PROOF

Note that the input for the rule:

x1_|| (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

x1_ || (!x1_&&x2_)

which can be unified with the input for the rule:
x1_ || (x2_&&!x2_)-x1

where these rules follow from Critical Pair Lemma 5 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 9

The following expressions are equivalent:

True

PROOF

Note that the input for the rule:

x1_| | (!1x1_&&x2_)-x1||x2

contains a subpattern of the form:

Ix1_8&8&x2_

which can be unified with the input for the rule:

x1_&&x1_-x1

where these rules follow from Critical Pair Lemma 5 and Critical Pair Lemma 6 respectively.

Substitution Lemma 9

It can be shown that:

POIXA_ | Ix22) [ rx2_ [ Ix3_) [ !x2_| [X3_-X1] | !Xy

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:

x1_|[x1_-x1

which follows from Critical Pair Lemma 8.

Critical Pair Lemma 10

The following expressions are equivalent:
X1== (x1&& (2] [x1))

PROOF

Note that the input for the rule:
x1_&&(x1_| |x2_)->»x1
contains a subpattern of the form:
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x1_||x2_
which can be unified with the input for the rule:
X1_| [X2_e»x2_ | | x1_

where these rules follow from Substitution Lemma 8 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 11

The following expressions are equivalent:
(x1&&x1) == (x1&& (x1| | Ix1))

PROOF

Note that the input for the rule:
x1_&&(x2_| | !x1_)-»x1&&x2

contains a subpattern of the form:

X2_||!x1_

which can be unified with the input for the rule:
X1 _||!x1_-x1]]|!x1

where these rules follow from Critical Pair Lemma 2 and Critical Pair Lemma 9 respectively.
Substitution Lemma 10

It can be shown that:

(x18&8&x1) ==x1

PROOF

We start by taking Critical Pair Lemma 11, and apply the substitution:
x1_&&(x2_||!x2_)-»x1

which follows from Equationalized Axiom 2.

Substitution Lemma 11

It can be shown that:

(x18&8&x1) ==x1

PROOF

We start by taking Substitution Lemma 10, and apply the substitution:
x1_&8&x2_-»x2&&x1
which follows from Equationalized Axiom 9.

Substitution Lemma 12

[t can be shown that:

True

PROOF

We start by taking Substitution Lemma 11, and apply the substitution:
x1_&8&x1_-x1

which follows from Critical Pair Lemma 6.

~ 1 1~ . A
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Critical rFalrLemma 12

The following expressions are equivalent:
(Ix1]|x2)==(!x1]| (x1&8&x2))

PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_

which can be unified with the input for the rule:
x1_-x1

where these rules follow from Critical Pair Lemma 5 and Substitution Lemma 12 respectively.
Substitution Lemma 13

It can be shown that:

(x18& (x2] [x1) ) ==x1

PROOF

We start by taking Critical Pair Lemma 10, and apply the substitution:

x1_-x1

which follows from Substitution Lemma 12.

Substitution Lemma 14

It can be shown that:

(x18& (x1] [x2) ) ==x1

PROOF

We start by taking Substitution Lemma 8, and apply the substitution:
X1_-x1

which follows from Substitution Lemma 12.

Critical Pair Lemma 13

The following expressions are equivalent:
(x1]|!x1)==(x2||x1]]!x1)

PROOF

Note that the input for the rule:

x1_&& (x2_| [x1_)-»x1

contains a subpattern of the form:

x1_&&(x2_| |x1_)

which can be unified with the input for the rule:
(x1_ || !'x1_)&_&x2_-»x2

where these rules follow from Substitution Lemma 13 and Critical Pair Lemma 3 respectively.

Critical Pair Lemma 14
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The following expressions are equivalent:

(!x1]|x1][x2)=(!x1]|x1)

PROOF

Note that the input for the rule:

IX1_ || (x1_&&x2_)->!x1]||x2

contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:

x1_&&(x1_| |x2_)-»x1

where these rules follow from Critical Pair Lemma 12 and Substitution Lemma 14 respectively.

Critical Pair Lemma 15

The following expressions are equivalent:
(Xa || !Xq) == (! (XL [x2) | | !x1][x1)
PROOF

Note that the input for the rule:

Language™ EquationalProofDump’ getConstructRule[EquationalProof ApplyLemma[222,x1_| |x1_-x1
contains a subpattern of the form:

V(YX2_ [ |x3_) || !x1_||x3_

which can be unified with the input for the rule:

X1_|[x2_|]!x2_-x2]|!x2

where these rules follow from Substitution Lemma 9 and Critical Pair Lemma 13 respectively.

Substitution Lemma 15

It can be shown that:

(Xq | | !Xq)==(!x1] |x1)

PROOF

We start by taking Critical Pair Lemma 15, and apply the substitution:
X1_|[x2_|]!x2_-x2]|!x2

which follows from Critical Pair Lemma 13.

Substitution Lemma 16

It can be shown that:

(Xq | | !Xq)==(!x1] |x1)

PROOF

We start by taking Substitution Lemma 15, and apply the substitution:

X1_-x1

which follows from Substitution Lemma 12.

Substitution Lemma 17
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It can be shown that:

(X2 ] [txq) = (x1] | tx1)

PROOF

We start by taking Substitution Lemma 16, and apply the substitution:
X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 18

It can be shown that:

(!x1]|x1]|x2)==(x1]]!x1)

PROOF

We start by taking Critical Pair Lemma 14, and apply the substitution:
X1_|[x2_-x2] |x1
which follows from Equationalized Axiom 3.

Substitution Lemma 19
It can be shown that:

(1Yol IYel IX1)=(a0] | !a0)
PROOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:
X1_||x2_-x2]||x1
which follows from Equationalized Axiom 3.

Substitution Lemma 20

It can be shown that:

('Yol IYel IX1) = (X1 | | ! X1)

PROOF

We start by taking Substitution Lemma 19, and apply the substitution:

X1_| | !'X1_-X1] | !Xy

which follows from Substitution Lemma 17.
Substitution Lemma 21

It can be shown that:

(Yol | 1ye) == (Xa] | !X1)

PROOF

We start by taking Substitution Lemma 20, and apply the substitution:
IX1_|[x1_|[x2_-x1]||!x1
which follows from Substitution Lemma 18.

Conclusion 1

We obtain the conclusion:
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True
PROOF
Take Substitution Lemma 21, and apply the substitution:

X1_ | [ !'X1_->Xq| ] !%g

which follows from Substitution Lemma 17.
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APPENDIX 2. Proof of CN implies PM2.

in2oj= proofCNimppm2 ["ProofNotebook" ]

Axiom 1

We are given that:

Yixy,z) ((X=2y) = ((y=2)=(x=2)))
Axiom 2

We are given that:

Yixyy (X= (1x=y))

Axiom 3

We are given that:

Vyx (! X=3X) =X)
Hypothesis 1

We would like to show that:

Vyx ( (! X=3X) =X)
Equationalized Axiom 1

We generate the "equationalized" axiom:
(x1] [x2) = (x2] |x1)

Equationalized Axiom 2

We generate the "equationalized" axiom:
(11| X1 [x2) == (3o | !30)
Equationalized Axiom 3

We generate the "equationalized" axiom:
(1 (x1]|x1) | |x1)==(ag| | tae)
Equationalized Hypothesis 1
We generate the "equationalized' hypothesis:
(! (Xel Xe) | 1Xe) == (30 | 130)
Substitution Lemma 1

It can be shown that:

(X1] |1 (x1][x1)) == (20| | ta0)

PROOF

We start by taking Equationalized Axiom 3, and apply the substitution:
X1_|[x2_-x2]| |x1
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which follows from Equationalized Axiom 1.

Substitution Lemma 2

It can be shown that:

(x1] |t (x1]|x1)) == (2| | !a6)

PROOF

We start by taking Substitution Lemma 1, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 1.

Substitution Lemma 3

[t can be shown that:
(X2 [ (x2][x1))==(!Xe]| |Xe| |Xe)

PROOF
We start by taking Substitution Lemma 2, and apply the substitution:

| ['ae>!Xe | | Xe| | Xe
which follows from Equationalized Axiom 2.
Substitution Lemma 4

It can be shown that:
(X1 | (X2 |x1))=(!Xe| [Xe | |Xe)

PROOF

We start by taking Substitution Lemma 3, and apply the substitution:
x1_ | [x2_-x2]| |x1

which follows from Equationalized Axiom 1.

Substitution Lemma 5

It can be shown that:

(1 (Xol IXe) | 1X0) == (a0 | 130)

ProOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:

X1_|[x2_-»x2] |x1

which follows from Equationalized Axiom 1.
Substitution Lemma 6

It can be shown that:

(Xol 1! (Xl 1X0)) == (a0l | !20)

PROOF

We start by taking Substitution Lemma 5, and apply the substitution:
x1_|[x2_-x2] |x1

Luka_eqv_to_PM.nb | 17
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which follows from Equationalized Axiom 1.

Substitution Lemma 7

It can be shown that:

(Xo| |t (Xel [Xe))=(!Xe| [Xel |Xe)

PROOF

We start by taking Substitution Lemma 6, and apply the substitution:
g | | '@~ !Xe| |Xe| | Xe

which follows from Equationalized Axiom 2.

Substitution Lemma 8

It can be shown that:

(Xl |1 (Xel |Xe))==(!Xe| |Xal| |Xe)

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 1.

Conclusion 1

We obtain the conclusion:

True
PROOF
Take Substitution Lemma 8, and apply the substitution:

XL_| |1 (X1_|[x1_)->!Xe]| [Xe| |Xe

which follows from Substitution Lemma 4.




APPENDIX 3. Proof of CN implies PM3.

in21:= proofCNimppm3 ["ProofNotebook" ]
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Axiom 1

We are given that:

Yixy,z) ((X=2y) = ((y=2)=(x=2)))
Axiom 2

We are given that:

Yixyy (X2 (1x=2y))

Axiom 3

We are given that:

Vi ((1X=X) =2X)

Hypothesis 1

We would like to show that:
Yixyy ((1x2y)= (1y=X))
Equationalized Axiom 1

We generate the "equationalized" axiom:
X1== (x1| | (x28&&!x2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
x1== (x18&& (X2 | 1x2))

Equationalized Axiom 3

We generate the "equationalized" axiom:
(x1] |x2) = (x2] |x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(X1 ]| (x2&&x3) ) == ( (x1]|x2)&&%(x1]||x3))

Equationalized Axiom 5

We generate the "equationalized" axiom:
(1x1] |x1] [x2)=(ap]| | !a0)

Equationalized Axiom 6

We generate the "equationalized" axiom:

(1 (4xL] 1x2) |11 (+x2]1x3) || 1x2] [%3) = (36| | ta)
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Equationalized Axiom 7

We generate the "equationalized" axiom:
(1 (L] |x1) | |x1) = (ao] | t20)
Equationalized Axiom 8

We generate the "equationalized" axiom:
((x1&&x2) | | (x18&&x3) ) == (x1&& (x2] [x3))

Equationalized Axiom 9

We generate the "equationalized" axiom:
(x188&x2) == (x28&&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:
(t (X2l 1Y) | 1Yol IX1) == (20| | ')

Critical Pair Lemma 1

The following expressions are equivalent:
((x1&&!x1) | [ x2) ==x2

PROOF

Note that the input for the rule:

X1_| |X2_ex2_ | | x1_

contains a subpattern of the form:

X1_||x2_

which can be unified with the input for the rule:

x1_ || (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 3 and Equationalized Axiom 1 respectively.
Substitution Lemma 1

It can be shown that:

(UCUXL]X2) | ] (Ex2] [X3) | ] Ix2] [%x3) == (!X ] [Xa] [X1)

PROOF

We start by taking Equationalized Axiom 6, and apply the substitution:
Qg | | !> !X1 | [X1] [Xg

which follows from Equationalized Axiom 5.

Substitution Lemma 2

It can be shown that:
(L (Ix2[x2) [ [P (Ex2] [x3) || !x2][x3)==(!Xg]| [Xa][X1)

PROOF
We start by taking Substitution Lemma 1, and apply the substitution:

PO I B ) R RO |
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RL_ | | R&_—-KZ| | X1

which follows from Equationalized Axiom 3.

Substitution Lemma 3

It can be shown that:

(L] |t (x1]x1)) = (a0l | t20)

PRrROOF

We start by taking Equationalized Axiom 7, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 4

It can be shown that:

(XL] [t (x1][x1))==(ae||!a0)

PrROOF

We start by taking Substitution Lemma 3, and apply the substitution:
X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 5

It can be shown that:
(X1 | (X2 L)) =(!Xg]| [X2]]X1)

PROOF
We start by taking Substitution Lemma 4, and apply the substitution:

Qg | !> !Xy | X1 ] [Xg
which follows from Equationalized Axiom 5.
Substitution Lemma 6

It can be shown that:

(XTI (X2 [x2) )= (x| Xz ] [X1)

PROOF

We start by taking Substitution Lemma 5, and apply the substitution:
x1_| |x2_-»x2||x1

which follows from Equationalized Axiom 3.

Substitution Lemma 7

It can be shown that:

VOO X2 |1 (0x2_ | 1X30) | x| [X3_sXq | |t (Xa| [ X1)
PROOF

We start by taking Substitution Lemma 2, and apply the substitution:

IXa | IXa I IXaaXa I 11 (Xa ] IXa)
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which follows from Substitution Lemma 6.

Critical Pair Lemma 2

The following expressions are equivalent:

(x1&& (x2] | 1x1)) = (x1&&x2)

PROOF

Note that the input for the rule:
(x1_8&&x2_) | | (x1_&&x3_)-»x18&& (x2| | x3)
contains a subpattern of the form:
(x1_8&&x2_) | | (x1_&&x3_)

which can be unified with the input for the rule:
x1_| | (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 8 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 3

The following expressions are equivalent:
((x1]|!x1)&&x2) =x2

PROOF

Note that the input for the rule:
x1_&8&x2_»x2_&&x1_

contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Equationalized Axiom 9 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 4

The following expressions are equivalent:
(x1&&x2) == (x1&& (! x1] | x2))

PROOF

Note that the input for the rule:
(x1_&&!x1_) | | x2_-x2

contains a subpattern of the form:

(x1_&&!x1 )| |x2_

which can be unified with the input for the rule:
(x1_&8&x2_) | | (x1_&8&x3_)-»x18&& (x2]| |x3)
where these rules follow from Critical Pair Lemma 1 and Equationalized Axiom 8 respectively.

Critical Pair Lemma 5

The following expressions are equivalent:

Iv1 1IN - (v 1] (1 v1RRvIN )
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NNk | | Nl ) == \ Nk | | | s NAXENL ] )

PROOF

Note that the input for the rule:

(x1_||!x1_)&&x2_-x2

contains a subpattern of the form:

(x1_ || !'x1_)&8&x2_

which can be unified with the input for the rule:

(x1_| | x2_)&&(x1_| |x3_)->x1| ]| (x2&&x3)

where these rules follow from Critical Pair Lemma 3 and Equationalized Axiom 4 respectively.

Critical Pair Lemma 6

The following expressions are equivalent:

(x1&&x1) ==x1

PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)->x1&8&x2

contains a subpattern of the form:

x1_&&(!x1_][x2_)

which can be unified with the input for the rule:

x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 4 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 7

The following expressions are equivalent:
(X18& (x1| |x2)) == (x18& (@q| | !30) )

ProOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)-»x18&&x2

contains a subpattern of the form:

IX1_|[x2_

which can be unified with the input for the rule:

ng"

where these rules follow from Critical Pair Lemma 4 and Equationalized Axiom 5 respectively.

out[21]=

Substitution Lemma 8
It can be shown that:
(x18& (x1 ] | x2) ) ==x1

PROOF

We start by taking Critical Pair Lemma 7, and apply the substitution:
x1_&&(x2_| | !x2_)-x1

[P R SR SR o | R VRS DI I R | U | R oY
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Critical Pair Lemma 8

The following expressions are equivalent:
(x1] | x1)==x1

PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

x1_ || (!x1_&&x2_)

which can be unified with the input for the rule:
x1_| | (x2_8&&!x2_)-x1

where these rules follow from Critical Pair Lemma 5 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 9

The following expressions are equivalent:
True

PROOF

Note that the input for the rule:

x1_|| (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_&8&x2_

which can be unified with the input for the rule:

x1_&8&x1_-x1

where these rules follow from Critical Pair Lemma 5 and Critical Pair Lemma 6 respectively.

Substitution Lemma 9

It can be shown that:

POIXA_ | Ix2_) |12 [ Ix3_) || !x2_| [X3_-X%q]| | !Xy

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:

x1_||x1_-x1

which follows from Critical Pair Lemma 8.

Critical Pair Lemma 10

The following expressions are equivalent:
X1== (x1&& (x2] [ x1))

PROOF

Note that the input for the rule:
x1_&&(x1_| |x2_)-»x1

contains a subpattern of the form:
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x1_||x2_
which can be unified with the input for the rule:
X1_| |X2_e»x2_| | x1_

where these rules follow from Substitution Lemma 8 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 11

The following expressions are equivalent:
(x1&&x1) == (x1&& (x1| | ! x1))

PROOF

Note that the input for the rule:

x1_&& (x2_| | !x1_)-»x1&&x2

contains a subpattern of the form:

X2_||!x1_

which can be unified with the input for the rule:
X1 _|[!x1_-x1|]!x1

where these rules follow from Critical Pair Lemma 2 and Critical Pair Lemma 9 respectively.
Substitution Lemma 10

It can be shown that:

(x18&8&x1) ==x1

PROOF

We start by taking Critical Pair Lemma 11, and apply the substitution:
x1_&&(x2_||!x2_)-x1

which follows from Equationalized Axiom 2.

Substitution Lemma 11

It can be shown that:

(x1&&x1) ==x1

PROOF

We start by taking Substitution Lemma 10, and apply the substitution:
x1_&8&x2_-»x28&&x1
which follows from Equationalized Axiom 9.

Substitution Lemma 12

It can be shown that:

True

PROOF

We start by taking Substitution Lemma 11, and apply the substitution:
x1_&8&x1_-x1

which follows from Critical Pair Lemma 6.

~ 1 % T4 ] -~
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Supstutution Lemma 13

It can be shown that:

(x1&& (x2] | x1) ) =x1

PROOF

We start by taking Critical Pair Lemma 10, and apply the substitution:
X1_-x1

which follows from Substitution Lemma 12.

Critical Pair Lemma 12

The following expressions are equivalent:
(x1]|!x1)==(x2||x1]]!x1)

PROOF

Note that the input for the rule:

x1_&&(x2_| |x1_)-»x1

contains a subpattern of the form:
x1_&&(x2_||x1_)

which can be unified with the input for the rule:
(x1_||!x1_)&&x2_-x2

where these rules follow from Substitution Lemma 13 and Critical Pair Lemma 3 respectively.

Critical Pair Lemma 13

The following expressions are equivalent:

(Xa | 11xq) == (! (!x1][x2) | | !x1][x1)

PROOF

Note that the input for the rule:

Language™ EquationalProofDump” getConstructRule [EquationalProof” ApplyLemma[222,x1 | |x1_-x1
contains a subpattern of the form:

POIX2_ | [x3_) || 'x1_ | [x3_

which can be unified with the input for the rule:

X1_|[x2_|]!x2_-x2]|!x2

where these rules follow from Substitution Lemma 9 and Critical Pair Lemma 12 respectively.

Substitution Lemma 14

It can be shown that:
(X2 | [ 1X1)==(!x1]|x1)
PROOF

We start by taking Critical Pair Lemma 13, and apply the substitution:
x1_| |X2_| | !x2_-x2]| | !x2

which follows from Critical Pair Lemma 12.

Substitution Lemma 15
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It can be shown that:

(Xa ]| 'Xq) == (!x1] |x1)

PROOF

We start by taking Substitution Lemma 14, and apply the substitution:
x1_-x1

which follows from Substitution Lemma 12.

Substitution Lemma 16

It can be shown that:

(X1] ] !Xq)==(x1]]!x1)

PROOF

We start by taking Substitution Lemma 15, and apply the substitution:
x1_| |x2_-x2||x1

which follows from Equationalized Axiom 3.

Substitution Lemma 17

It can be shown that:

(* (Yol IX1) [ 1Yol IX1) == (2ol | !20)

PROOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:
X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 18

It can be shown that:

(Yol IX11 1! (Yol IX1)) == (a0l | 1a0)

PRrROOF

We start by taking Substitution Lemma 17, and apply the substitution:
X1_||x2_-x2]||x1
which follows from Equationalized Axiom 3.

Substitution Lemma 19

It can be shown that:

(Yol IXa| [t (Yol IX1))==(Xa| | !X1)

PROOF

We start by taking Substitution Lemma 18, and apply the substitution:
X1_| | !'X1_-X1] | !Xy

which follows from Substitution Lemma 16.

Substitution Lemma 20
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It can be shown that:

(Yol IXa| |t (Yol IX1))== (X || !X1)

PROOF

We start by taking Substitution Lemma 19, and apply the substitution:

X1_-x1

which follows from Substitution Lemma 12.

Substitution Lemma 21

It can be shown that:

(Yol IXa |1t (Yol IX1))==(Xa]|!X1)

PROOF

We start by taking Substitution Lemma 20, and apply the substitution:

X1_-x1

which follows from Substitution Lemma 12.

Conclusion 1

We obtain the conclusion:

True

PROOF

Take Substitution Lemma 21, and apply the substitution:
X1_ || !'X1_->Xq| ] !Xg

which follows from Substitution Lemma 16.




APPENDIX 4. Proof of CN implies PM4.

in22;= proofCNimppm4 [ "ProofNotebook" ]
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Axiom 1

We are given that:

Yixy,zy ((X=2y) = ((y=2)=(x=2)))
Axiom 2

We are given that:

Yix,yy (X= (1x2y) )

Axiom 3

We are given that:

Y ((1x=X) 2X)

Hypothesis 1

We would like to show that:

Vg ((¥=22)= ((1x=y) = (1x=2)))
Equationalized Axiom 1

We generate the "equationalized" axiom:
x1== (Xx1| | (x2&&!x2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
x1== (x1&& (x2] | 1x2))
Equationalized Axiom 3

We generate the "equationalized" axiom:
(x1] |x2) == (x2] | x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(X1] | (x28&x3) ) ==((x1]| |x2)&&(x1]|x3))
Equationalized Axiom 5

We generate the "equationalized" axiom:
(1x1]|x1||x2)==(ap| | !ap)
Equationalized Axiom 6

We generate the "equationalized" axiom:

R B R I O N A T N 1_
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(EQEXL]IXZ) | ]2 (EXZ][X3) [ [1X1][X3)=(e] | !30)

Equationalized Axiom 7

We generate the "equationalized" axiom:
(1 (x1]|x1) | |x1) == (e | ta0)

Equationalized Axiom 8

We generate the "equationalized" axiom:
((x1&&x2) | | (x18&8&x3) ) == (x1&& (x2] [x3))

Equationalized Axiom 9

We generate the "equationalized" axiom:
(Xx18&8&x2) == (x28&&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:
(rQy12) 11 (Xel 1Y) | 1Xe] 12) = (a0 | 130)
Critical Pair Lemma 1

The following expressions are equivalent:
((x1&&!x1) | | x2) ==x2

PROOF

Note that the input for the rule:

X1_| [X2_e»x2_ | [ x1_

contains a subpattern of the form:

x1_||x2_

which can be unified with the input for the rule:
x1_ || (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 3 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 2

The following expressions are equivalent:

(x| | (x2&&!x1)) == (x1] | x2)

PROOF

Note that the input for the rule:

(x1_| |x2_)&&(x1_||x3_)->x1]| | (x2&&x3)
contains a subpattern of the form:

(x1_ | [x2_)&&(x1_]|[x3_)

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Equationalized Axiom 4 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 3
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The following expressions are equivalent:
(X1 | (x288&x3) ) == ((x2| |x1)8&& (x1] [x3))

PrROOF

Note that the input for the rule:

(Xx1_| | x2_)&&(x1_| |x3_)->x1| | (x2&&x3)

contains a subpattern of the form:

x1_|[x2_

which can be unified with the input for the rule:

X1_ | [X2_e»x2_| | x1_

where these rules follow from Equationalized Axiom 4 and Equationalized Axiom 3 respectively.
Substitution Lemma 1

It can be shown that:

(U (UXL]x2) || (rx2] [x3) || 1x2][x3)==(!Xe]| [Xe| | Xe)

PROOF

We start by taking Equationalized Axiom 6, and apply the substitution:
| | !> !Xe| [Xo| | Xe

which follows from Equationalized Axiom 5.

Substitution Lemma 2

It can be shown that:
(L (Ix2[x2) [ [P (Ex2][x3) | ]!x1][x3)==(!Xe| [Xe]| |Xo)

PROOF

We start by taking Substitution Lemma 1, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 3

It can be shown that:

(XL |1 (x2]|x1)) == (2ol | !a0)

PROOF

We start by taking Equationalized Axiom 7, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 4

It can be shown that:

(XL] |t (x1]|x1))==(ae||!a0)

PROOF

We start by taking Substitution Lemma 3, and apply the substitution:
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X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 5

It can be shown that:

(XT] 1 (x2] [x1))=(!Xe| |Xe| |Xo)

PROOF

We start by taking Substitution Lemma 4, and apply the substitution:
| [!ae>!Xe | | Xo| | Xe

which follows from Equationalized Axiom 5.

Substitution Lemma 6

It can be shown that:

(XL (x2] Ix1))=(!Xe| [Xe| |Xe)
PROOF

We start by taking Substitution Lemma 5, and apply the substitution:
x1_||x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 7

It can be shown that:

VOIXL_[[x2_) 11 (rx2_ ] [x3_) | 11X2_| [X3_>Xe| | ! (Xel |Xe)
PROOF

We start by taking Substitution Lemma 2, and apply the substitution:
'Xo| IXo | [Xe>Xo | | ! (Xo| |Xo)

which follows from Substitution Lemma 6.

Critical Pair Lemma 4

The following expressions are equivalent:
(x18& (X2 | 'x1) ) == (x188&x2)

PROOF

Note that the input for the rule:

(x1_8&&x2_) | | (x1_&&x3_)-»x18&& (x2| | x3)
contains a subpattern of the form:

(x1_&8&x2_) | | (x1_&&x3_)

which can be unified with the input for the rule:
x1_ || (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 8 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 5

The followine exnressions are eatlivalent:
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((x1] | !'x1)&&x2) ==x2

PROOF

Note that the input for the rule:

x1_&8&x2_»x2_&&x1_

contains a subpattern of the form:

x1_8&&x2_

which can be unified with the input for the rule:

x1_&&(x2_| | !x2_)-»x1

where these rules follow from Equationalized Axiom 9 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 6

The following expressions are equivalent:
(x1&&x2) == (x1&& (!x1] | x2))

PROOF

Note that the input for the rule:
(x1_&&!x1_) | | x2_-x2

contains a subpattern of the form:
(x1_8&&!x1_) | |x2_

which can be unified with the input for the rule:
(x1_&8&x2_) | | (x1_&8&x3_)-»x18&& (x2]| |x3)
where these rules follow from Critical Pair Lemma 1 and Equationalized Axiom 8 respectively.

Critical Pair Lemma 7

The following expressions are equivalent:

(X1 |x2)==(x1]] (!x1&&x2))

PROOF

Note that the input for the rule:
(x1_||!x1_)&&x2_-x2

contains a subpattern of the form:
(x1_||!x1_)&8&x2_

which can be unified with the input for the rule:
(Xx1_| | x2_)&&(x1_| |x3_)->x1| | (x2&&x3)
where these rules follow from Critical Pair Lemma 5 and Equationalized Axiom 4 respectively.

Critical Pair Lemma 8

The following expressions are equivalent:
(x1] | x1)==x1
PROOF

Note that the input for the rule:
x1 |1 (x2 &&!x1 )-x1|Ix2
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contains a subpattern of the form:

x1_ || (x2_&&!x1_)

which can be unified with the input for the rule:

x1_ || (x2_8&&!x2_)-x1

where these rules follow from Critical Pair Lemma 2 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 9

The following expressions are equivalent:

(X1 ]| (x2&&x1) ) == ( (x1] |x2)&&x1)

PROOF

Note that the input for the rule:

(Xx1_| [ x2_)&&(x1_| |x3_)->x1]|| (x2&&x3)
contains a subpattern of the form:

X1_|[x3_

which can be unified with the input for the rule:
X1_|[x1_-x1

where these rules follow from Equationalized Axiom 4 and Critical Pair Lemma 8 respectively.

Substitution Lemma 8

It can be shown that:
(X1 ]| (x28&x1) ) == (X1&& (X1 | | x2))

ProOOF

We start by taking Critical Pair Lemma 9, and apply the substitution:
x1_8&&x2_-»>x2&&x1
which follows from Equationalized Axiom 9.

Critical Pair Lemma 10

The following expressions are equivalent:
(Xl&&xl) =x1

PROOF

Note that the input for the rule:

x1_&& (!x1_]| |x2_)-»>x1&&x2

contains a subpattern of the form:

x1 && (!x1_||x2_)

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 6 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 11

The following expressions are equivalent:

(X1RR (11 I1x2) ) == [¥18& [a~1112.))
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PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)-»>x1&&x2

contains a subpattern of the form:

IX1_|[x2_

which can be unified with the input for the rule:

ngn

where these rules follow from Critical Pair Lemma 6 and Equationalized Axiom 5 respectively.

Substitution Lemma 9

It can be shown that:

(x18&& (x1] | x2) ) =x1

PROOF

We start by taking Critical Pair Lemma 11, and apply the substitution:
x1_&&(x2_| | !x2_)-»x1

which follows from Equationalized Axiom 2.

Critical Pair Lemma 12

The following expressions are equivalent:

(X1 I | Xl) =x1

PROOF

Note that the input for the rule:

x1_| | (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

x1_|| (!x1_&&x2_)

which can be unified with the input for the rule:
x1_ || (x2_8&&!x2_)-»x1

where these rules follow from Critical Pair Lemma 7 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 13

The following expressions are equivalent:

True

PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_&8&x2_

which can be unified with the input for the rule:
x1_&8&x1_-x1

wihAavAa thaca villac FAllAau franma Critical DAlv ]l Anarnaa 7 anAd Critical DAalv ]l Annnmaa 1N varcnAa~+AL
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Substitution Lemma 10

It can be shown that:

POIXI_ ] IX22) [ (Ix2_ [ Ix3_) [ 1 !x1_| [X3_-Xg| | ! Xe

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:

X1_|[x1_-x1

which follows from Critical Pair Lemma 12.

Critical Pair Lemma 14

The following expressions are equivalent:

x1== (x1&& (x2] [x1))

PROOF

Note that the input for the rule:

x1_&&(x1_| [x2_)-»x1

contains a subpattern of the form:

x1_ | [x2_

which can be unified with the input for the rule:
x1_| |x2_e>x2_ | | x1_

where these rules follow from Substitution Lemma 9 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 15

The following expressions are equivalent:
(x1&&x1) == (x1&& (x1| | ! x1))

PROOF

Note that the input for the rule:
x1_&&(x2_| | !x1_)->x1&&x2

contains a subpattern of the form:

X2_||!x1_

which can be unified with the input for the rule:
x1_||!x1_-x1]|!x1

where these rules follow from Critical Pair Lemma 4 and Critical Pair Lemma 13 respectively.

Substitution Lemma 11

It can be shown that:

(x18&8&x1) ==x1

PROOF

We start by taking Critical Pair Lemma 15, and apply the substitution:
x1_&&(x2_| | !x2_)-»x1

which follows from Equationalized Axiom 2.
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Substitution Lemma 12

It can be shown that:

(x1&&x1) ==x1

PROOF

We start by taking Substitution Lemma 11, and apply the substitution:
x1_&8&x2_-»x28&8&x1

which follows from Equationalized Axiom 9.

Substitution Lemma 13

[t can be shown that:

True

PROOF

We start by taking Substitution Lemma 12, and apply the substitution:
x1_&8&x1_-x1

which follows from Critical Pair Lemma 10.

Substitution Lemma 14

It can be shown that:

(x1&& (x2] | x1) ) ==x1

PROOF

We start by taking Critical Pair Lemma 14, and apply the substitution:

x1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 15

It can be shown that:

(x1&& (x1| | x2) ) ==x1

PROOF

We start by taking Substitution Lemma 9, and apply the substitution:

x1_-x1

which follows from Substitution Lemma 13.
Critical Pair Lemma 16

The following expressions are equivalent:
(x1] ] 1x1)=(x2] |x1] | !x1)

PROOF

Note that the input for the rule:
x1_&&(x2_| |x1_)-»x1

contains a subpattern of the form:
x1 &&(x2_||x1 )
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which can be unified with the input for the rule:
(x1_||!x1_)&&x2_-x2
where these rules follow from Substitution Lemma 14 and Critical Pair Lemma 5 respectively.

Substitution Lemma 16

It can be shown that:

x1_ || (x2_8&8&x1_)-»x1

PROOF

We start by taking Substitution Lemma 8, and apply the substitution:
x1_&&(x1_| |x2_)->»x1

which follows from Substitution Lemma 15.

Critical Pair Lemma 17

The following expressions are equivalent:

(x1][x2)=(x1]|x2]|x1)

PROOF

Note that the input for the rule:

Language” EquationalProofDump™ getConstructRule[EquationalProof” ApplyLemma[412,x1_&&(x1_| |
contains a subpattern of the form:

x2_&8&x1_

which can be unified with the input for the rule:

x1_&&(x1_| |x2_)->»x1

where these rules follow from Substitution Lemma 16 and Substitution Lemma 15 respectively.

Substitution Lemma 17
It can be shown that:

(x1] [x2)=(x1]|x1]|x2)
PROOF

We start by taking Critical Pair Lemma 17, and apply the substitution:
X1_|[x2_-x2] |x1
which follows from Equationalized Axiom 3.

Critical Pair Lemma 18

The following expressions are equivalent:

(X1 ] ((x1]|x2)8&8&x3))=( (X1]||x2)&&(x1]|x3))
PROOF

Note that the input for the rule:

(x1_ | [x2_)&&(x1_] [x3_)-»x1| ]| (x2&&x3)

contains a subpattern of the form:
x1_||x2_
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which can be unified with the Input for the rule:
X1_|[x1_||x2_-x1]||x2
where these rules follow from Equationalized Axiom 4 and Substitution Lemma 17 respectively.

Substitution Lemma 18

It can be shown that:

(XL | ((x1]|x2)&8&x3))==(x1]| | (x2&&x3))

PROOF

We start by taking Critical Pair Lemma 18, and apply the substitution:
(X1_| Ix2_) & (x1_| |x3_)-»x1| | (x28&&x3)

which follows from Equationalized Axiom 4.

Critical Pair Lemma 19

The following expressions are equivalent:
(Xo| | !Xe)==(! (!x1]|x2)|]!x1]|x1)
PROOF

Note that the input for the rule:

Language” EquationalProofDump’ getConstructRule[EquationalProof ApplyLemma[222,x1_| |x1_-x1
contains a subpattern of the form:

P(Ix2_ | [x3_) || 'x1_| |x3_

which can be unified with the input for the rule:

X1_||x2_||!x2_-»x2]|!x2

where these rules follow from Substitution Lemma 10 and Critical Pair Lemma 16 respectively.

Substitution Lemma 19

It can be shown that:

(Xe| | 1Xg) == (1x1] |x1)

PROOF

We start by taking Critical Pair Lemma 19, and apply the substitution:
X1_|[x2_|]!x2_-»x2]]|!x2

which follows from Critical Pair Lemma 16.

Substitution Lemma 20

It can be shown that:

(Xe| | 1Xg) == (1x1] |x1)

PROOF

We start by taking Substitution Lemma 19, and apply the substitution:
X1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 21

| PR A PO N B
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(Xe| | 1Xg) == (x1] | 1x1)

PROOF

We start by taking Substitution Lemma 20, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Critical Pair Lemma 20

The following expressions are equivalent:

(X1 | (x2&& (X2 |x3)))==(x1] |x2] | (x1&&x3))
PROOF

Note that the input for the rule:

X1_ || ((x1_||x2_)&8&x3_)->x1]| | (x2&&x3)
contains a subpattern of the form:

(x1_| |x2_)&&x3_

which can be unified with the input for the rule:
(x1_| | x2_)&&(x2_| |x3_)->x2]| | (x1&&x3)

where these rules follow from Substitution Lemma 18 and Critical Pair Lemma 3 respectively.
Substitution Lemma 22

It can be shown that:

(x1] |x2) == (Xx1] |x2] | (x1&8&x3))

PROOF

We start by taking Critical Pair Lemma 20, and apply the substitution:
x1_&&(x1_| |x2_)-»x1

which follows from Substitution Lemma 15.

Critical Pair Lemma 21

The following expressions are equivalent:

(x1] |x2) = (x1| | (x1&&x3) | |x2)

PROOF

Note that the input for the rule:

x1_|[x2_|| (x1_8&&x3_)-»x1]| |x2

contains a subpattern of the form:

x2_ || (x1_8&&x3_)

which can be unified with the input for the rule:
X1_ | [X2_¢»x2_| | x1_

where these rules follow from Substitution Lemma 22 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 22

The following expressions are equivalent:
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(x1] |x2) = (x1| |x2] | (x38&&x1))

PROOF

Note that the input for the rule:

x1_|[x2_|| (x1_8&&x3_)-»x1]| |x2

contains a subpattern of the form:

x1_&8&x3_

which can be unified with the input for the rule:

x1_8&&x2_e»>x2_&&x1_

where these rules follow from Substitution Lemma 22 and Equationalized Axiom 9 respectively.

Critical Pair Lemma 23

The following expressions are equivalent:

(X1] [x2)=(x1]| (x3&8&x1) | | x2)

PROOF

Note that the input for the rule:

x1_ || (x1_&8&x2_) | [x3_-x1]||x3

contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:
x1_8&8&x2_e»x2_8&&x1_

where these rules follow from Critical Pair Lemma 21 and Equationalized Axiom 9 respectively.

Critical Pair Lemma 24

The following expressions are equivalent:

(X1]| |x2| [x3)==(x1] |x2]| |x3] |x1)

PROOF

Note that the input for the rule:

x1_||x2_|| (x3_8&&x1_)-»x1]||x2

contains a subpattern of the form:

x3_&8&x1_

which can be unified with the input for the rule:
x1_ &&(x1_| |x2_)-»x1

where these rules follow from Critical Pair Lemma 22 and Substitution Lemma 15 respectively.

Critical Pair Lemma 25

The following expressions are equivalent:
(X1] |x2]||x3)==(x1][x2] |x2]|x3)
PROOF

Note that the input for the rule:
x1 || (x2_&8&x1_) | |x3_-x1]||x3
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contains a subpattern of the form:

x2_&&x1_

which can be unified with the input for the rule:

x1_&&(x2_| |x1_)-»x1

where these rules follow from Critical Pair Lemma 23 and Substitution Lemma 14 respectively.

Critical Pair Lemma 26

The following expressions are equivalent:
(X1 ] |x2] |x3)=(x3] |x1] |x1] |x2)
PROOF

Note that the input for the rule:

X1 _|[x2_|[|x3_]|x1_-x1]||x2]|x3

contains a subpattern of the form:
X1_||x2_|[|x3_]|x1_

which can be unified with the input for the rule:
X1_ | [X2_e»x2_ | | x1_

where these rules follow from Critical Pair Lemma 24 and Equationalized Axiom 3 respectively.

Substitution Lemma 23

It can be shown that:
(X1] |x2] |x3)==(x3] |x1] |x2)

PROOF

We start by taking Critical Pair Lemma 26, and apply the substitution:
X1_|[x2_|[|x2_]|x3_-x1]||x2]|x3

which follows from Critical Pair Lemma 25.

Substitution Lemma 24

It can be shown that:

(r(tyl12) [ 1Xel [Z] 1! (Xel 1y)) = (a0l | !a0)

PROOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 25

It can be shown that:

Xl 1ZI 1t (Xl IY) 111 (tyl12))=(a0l|!ae)

PROOF

We start by taking Substitution Lemma 24, and apply the substitution:
X1_||x2_-x2] |x1




which follows from Equationalized Axiom 3.

Substitution Lemma 26

It can be shown that:

(Xel IZI 1t (Xel IY) I 11 (tyl12))=(Xel|!Xe)

PROOF

We start by taking Substitution Lemma 25, and apply the substitution:
X1_||!X1_-Xg| | !Xe

which follows from Substitution Lemma 21.

Substitution Lemma 27

It can be shown that:

(rCyllz) Ixel 1zl 1t (Xel 1y))=(Xel | !Xo)

PROOF

We start by taking Substitution Lemma 26, and apply the substitution:
X1_ | [x2_||x3_-x3]||x1]|x2

which follows from Substitution Lemma 23.

Substitution Lemma 28

It can be shown that:

(P Xl 1Y) 11 (tyl12) 11Xl 12)==(Xe| | !Xe)
PROOF

We start by taking Substitution Lemma 27, and apply the substitution:
x1_|[x2_-x2]| |x1
which follows from Equationalized Axiom 3.

Conclusion 1

We obtain the conclusion:

True
PrROOF

Take Substitution Lemma 28, and apply the substitution:
POIXA_ | Ix2_) [P x2_ [ Ix3_) || !'x1_| |X3_-Xe| | !Xe
which follows from Substitution Lemma 10.
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APPENDIX 5. Proof of CN implies PM5.

in23= proofCNimppm5 ["ProofNotebook" ]

Axiom 1

We are given that:

Yixy,z) ((X=2y) = ((y=2)=(x=2)))
Axiom 2

We are given that:

Yixyy (X= (1x=y))

Axiom 3

We are given that:

Vi ((1X=X) =2X)

Hypothesis 1

We would like to show that:

Vixy,zy ((1X= (1y=2))= (ly=(1x=2)))
Equationalized Axiom 1

We generate the "equationalized" axiom:
X1== (x1] | (x28&&!x2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
x1== (x1&& (X2 | 1x2))

Equationalized Axiom 3

We generate the "equationalized" axiom:
(X1] |x2)==(x2] |x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(X1 ]| (x2&&x3) ) == ((x1]|x2)&&%(x1]| |x3))

Equationalized Axiom 5

We generate the "equationalized" axiom:
(11| X1 [x2) == (3o | !30)
Equationalized Axiom 6

We generate the "equationalized" axiom:
(1 (IXL]IX2) |1 (rx2] [x3) || !x1][x3) == (30| | ')




Equationalized Axiom 7

We generate the "equationalized" axiom:
(1 (x1]|x1) | [x1) = (e | a0)
Equationalized Axiom 8

We generate the "equationalized" axiom:
((x1&&x2) | | (x18&&x3) ) == (x1&& (x2] [x3))

Equationalized Axiom 9

We generate the "equationalized" axiom:
(Xx18&8&x2) == (x28&&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:

(t (X2l 1y1l126) 1 1Y1]1X2]120) == (20 | !20)
Critical Pair Lemma 1

The following expressions are equivalent:
((x1&&!x1) | | X2) =x2

PROOF

Note that the input for the rule:

x1_| |x2_e>x2_ | | x1_

contains a subpattern of the form:
X1_|[x2_

which can be unified with the input for the rule:

x1_ || (x2_8&&!x2_)-x1
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where these rules follow from Equationalized Axiom 3 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 2

The following expressions are equivalent:
(x1] | (x28&!x1)) = (x1| |x2)

PROOF

Note that the input for the rule:

(Xx1_| [x2_)&&(x1_| |x3_)->x1]|| (x2&&x3)

contains a subpattern of the form:
(x1_| |x2_)&&(x1_||x3_)

which can be unified with the input for the rule:

x1_&&(x2_| | !x2_)-»x1

where these rules follow from Equationalized Axiom 4 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 3

The following expressions are equivalent:
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(X1] | (x28&x3) ) ==((x2| |x1)&&(x1]|x3))
PROOF

Note that the input for the rule:

(Xx1_ | [x2_)&&(x1_]| [x3_)-»x1| | (x2&&x3)

contains a subpattern of the form:

x1_||x2_

which can be unified with the input for the rule:

X1_ | [X2_e»>x2_| |x1_

where these rules follow from Equationalized Axiom 4 and Equationalized Axiom 3 respectively.
Substitution Lemma 1

It can be shown that:

(O3] x2) || (tx2] [x3) | ]ix2][x3)=(lys] Y2l Y1)

PROOF

We start by taking Equationalized Axiom 6, and apply the substitution:
Qg | !ae~>!y1l Y1l lys

which follows from Equationalized Axiom 5.

Substitution Lemma 2

It can be shown that:

(rOrx3]x2) || (ex2] [x3) | ]ix2][x3)=(tys] Y2l Y1)

PROOF

We start by taking Substitution Lemma 1, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 3

It can be shown that:

(XL |1 (x1]|x1))=(ael | !a0)

PROOF

We start by taking Equationalized Axiom 7, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 4

It can be shown that:

(L] |t (x1]|x1)) = (a0l | t20)

PROOF

We start by taking Substitution Lemma 3, and apply the substitution:
x1 |1x2 -»x211x1
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which follows from Equationalized Axiom 3.

Substitution Lemma 5

It can be shown that:

(XTI (x2] [x2))=(tyal Y2l ly1)

PROOF

We start by taking Substitution Lemma 4, and apply the substitution:
gl | !tae~>!y1l Y1l Y1

which follows from Equationalized Axiom 5.

Substitution Lemma 6

It can be shown that:

(XL] 1 (x2] [x2))=(tyal lyally1)

PROOF

We start by taking Substitution Lemma 5, and apply the substitution:
X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 7

It can be shown that:
POIXD_ | Ix2_) [ (ix2_ | [x3_) | [ !x1_| [x3_-y1l |t (yally1)
PROOF

We start by taking Substitution Lemma 2, and apply the substitution:

ya [ 1yl lys=yal |t (Y2l ly1)
which follows from Substitution Lemma 6.

Critical Pair Lemma 4

The following expressions are equivalent:
(X18& (x2] | Ix1)) == (x1&&x2)

PROOF

Note that the input for the rule:

(x1_&&x2_) | | (x1_&&x3_)-»>x1&& (x2]| | x3)
contains a subpattern of the form:

(x1_8&&x2_) | | (x1_&&x3_)

which can be unified with the input for the rule:
x1_ || (x2_8&&!x2_)-x1

where these rules follow from Equationalized Axiom 8 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 5

The following expressions are equivalent:

((¥1111¥1\RRYI —-v?D
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PROOF

Note that the input for the rule:
x1_&8&x2_e»>x2_8&&x1_

contains a subpattern of the form:

x1_8&&x2_

which can be unified with the input for the rule:
x1_&&(x2_||!x2_)-»x1

where these rules follow from Equationalized Axiom 9 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 6

The following expressions are equivalent:
(x18&8&x2) == (x18&& (!x1| | x2))

PROOF

Note that the input for the rule:
(x1_8&&!x1_) | |x2_-x2

contains a subpattern of the form:
(x1_&&!x1_) | [x2_

which can be unified with the input for the rule:
(x1_8&&x2_) | | (x1_&&x3_)-»>x1&&(x2]| | x3)
where these rules follow from Critical Pair Lemma 1 and Equationalized Axiom 8 respectively.

Critical Pair Lemma 7

The following expressions are equivalent:

(x1] |x2) = (x1] | (!x18&8&x2))

PROOF

Note that the input for the rule:

(x1_ || !x1_)&8&x2_-x2

contains a subpattern of the form:
(x1_||!x1_)&&x2_

which can be unified with the input for the rule:
(x1_ | [x2_)&&(x1_] [x3_)-»x1| | (x2&&x3)
where these rules follow from Critical Pair Lemma 5 and Equationalized Axiom 4 respectively.

Critical Pair Lemma 8

The following expressions are equivalent:
(x1] ] !'x1)=(x2] | !x2)

PROOF

Note that the input for the rule:
(x1_ || !x1_)&8&x2_-x2

containsg a sithnattern of the farm-
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(x1_ || !'x1_)&8&x2_

which can be unified with the input for the rule:

x1_&&(x2_||!x2_)-»x1

where these rules follow from Critical Pair Lemma 5 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 9

The following expressions are equivalent:
(x1]|x1)=x1

PROOF

Note that the input for the rule:

x1_ || (x2_8&&!x1_)-x1]||x2

contains a subpattern of the form:

x1_ || (x2_8&&!x1_)

which can be unified with the input for the rule:
x1_|| (x2_&&!x2_)-x1

where these rules follow from Critical Pair Lemma 2 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 10

The following expressions are equivalent:

(x1] | (x2&&x1) ) ==( (x1]| |x2)&&x1)

PROOF

Note that the input for the rule:

(x1_| | x2_)&&(x1_| |x3_)->x1]|| (x2&&x3)
contains a subpattern of the form:

X1_|[x3_

which can be unified with the input for the rule:
x1_| |x1_-x1

where these rules follow from Equationalized Axiom 4 and Critical Pair Lemma 9 respectively.

Substitution Lemma 8

It can be shown that:
(x1] | (x288&x1) ) == (x1&& (X1 | | x2))

PrROOF

We start by taking Critical Pair Lemma 10, and apply the substitution:
x1_&8&x2_-»x2&8&x1

which follows from Equationalized Axiom 9.

Critical Pair Lemma 11

The following expressions are equivalent:
(x1&&x1) ==x1

| P
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Note that the input for the rule:

x1_&& (!x1_| |x2_)-»>x1&&x2

contains a subpattern of the form:

x1_&& (!x1_||x2_)

which can be unified with the input for the rule:

x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 6 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 12

The following expressions are equivalent:
(X18& (1] [x2)) = (x1&& (ap | | 130) )

PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)-»>x1&&x2

contains a subpattern of the form:

Ix1_|[x2_

which can be unified with the input for the rule:
ng"

where these rules follow from Critical Pair Lemma 6 and Equationalized Axiom 5 respectively.

Substitution Lemma 9

It can be shown that:

(x1&& (x1] | x2) ) ==x1

PROOF

We start by taking Critical Pair Lemma 12, and apply the substitution:
x1_&&(x2_| | !x2_)-»x1

which follows from Equationalized Axiom 2.

Critical Pair Lemma 13

The following expressions are equivalent:

(x1]|x1)=x1

PROOF

Note that the input for the rule:

x1_| | (!1x1_&&x2_)-x1||x2

contains a subpattern of the form:

x1_ || (!x1_&&x2_)

which can be unified with the input for the rule:

x1_ || (x2_8&&!x2_)-x1

where these rules follow from Critical Pair Lemma 7 and Equationalized Axiom 1 respectively.
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Critical Pair Lemma 14

The following expressions are equivalent:

True

PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_ &8&x2_

which can be unified with the input for the rule:

x1_&&x1_-x1

where these rules follow from Critical Pair Lemma 7 and Critical Pair Lemma 11 respectively.

Substitution Lemma 10

It can be shown that:

POIXL_1IX22) 11 (rx2_ ] Ix32) | 10x3_ | 1X3_>Yal|!ys

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:
X1_|[x1_-x1

which follows from Critical Pair Lemma 13.

Critical Pair Lemma 15

The following expressions are equivalent:

X1== (x1&& (x2] [x1))

PROOF

Note that the input for the rule:

x1_&&(x1_| |x2_)-»x1

contains a subpattern of the form:

x1_||x2_

which can be unified with the input for the rule:
X1_ | [X2_e»x2_ | |x1_

where these rules follow from Substitution Lemma 9 and Equationalized Axiom 3 respectively.
Critical Pair Lemma 16

The following expressions are equivalent:

(x18&8&x1) == (x1&& (x1| | !x1))

PROOF

Note that the input for the rule:
x1_&& (x2_| | !x1_)-»>x18&&x2
contains a subpattern of the form:
X2_||!x1_
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which can be unified with the input for the rule:

xX1_||!x1_-x1|]|!x1

where these rules follow from Critical Pair Lemma 4 and Critical Pair Lemma 14 respectively.
Substitution Lemma 11

It can be shown that:

(x18&8&x1) ==x1

PROOF

We start by taking Critical Pair Lemma 16, and apply the substitution:
x1_&&(x2_||!x2_)-»x1

which follows from Equationalized Axiom 2.

Substitution Lemma 12

It can be shown that:

(x18&8&x1) ==x1

PROOF

We start by taking Substitution Lemma 11, and apply the substitution:
x1_&&x2_-»x2&8&x1
which follows from Equationalized Axiom 9.

Substitution Lemma 13

[t can be shown that:

True

PROOF

We start by taking Substitution Lemma 12, and apply the substitution:
x1_&8&x1_-x1

which follows from Critical Pair Lemma 11.

Substitution Lemma 14

It can be shown that:

(x18& (x2] [x1) ) ==x1

PROOF

We start by taking Critical Pair Lemma 15, and apply the substitution:
X1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 15

It can be shown that:

(x18& (x1] [ x2) ) ==x1

PROOF

We start by taking Substitution Lemma 9. and applv the substitution:



Luka_eqv_to_PM.nb | 53

X1_-x1

which follows from Substitution Lemma 13.

Critical Pair Lemma 17

The following expressions are equivalent:
(x1]]!x1)==(x2]|x1]]!x1)

PROOF

Note that the input for the rule:

x1_&&(x2_| [x1_)-x1

contains a subpattern of the form:

Oullz3= 1 x1 &&(X2_ | |x1_)

which can be unified with the input for the rule:
(x1_||!'x1_)&&x2_-»x2

where these rules follow from Substitution Lemma 14 and Critical Pair Lemma 5 respectively.

Substitution Lemma 16

It can be shown that:
x1_|| (x2_8&8&x1_)-x1
ProoF

We start by taking Substitution Lemma 8, and apply the substitution:
x1_&&(x1_| |x2_)-»x1

which follows from Substitution Lemma 15.

Critical Pair Lemma 18

The following expressions are equivalent:

(X1] |x2)==(x1]|x2] |x1)

PROOF

Note that the input for the rule:

Language™ EquationalProofDump™ getConstructRule [EquationalProof ApplylLemma[412,x1 && (x1_| |
contains a subpattern of the form:

x2_&&x1_

which can be unified with the input for the rule:

x1_&&(x1_| |x2_)->»x1

where these rules follow from Substitution Lemma 16 and Substitution Lemma 15 respectively.

Substitution Lemma 17

It can be shown that:
(X1][x2)=(x1]|x1]|x2)

PROOF
We start by taking Critical Pair Lemma 18, and apply the substitution:
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x1_|[x2_-x2]| |x1
which follows from Equationalized Axiom 3.

Critical Pair Lemma 19

The following expressions are equivalent:

(XL ] ((x1] |%2)8&&x3) )= ((x1] |x2)&&(X1] |x3))
PROOF

Note that the input for the rule:

(x1_| |x2_)&&(x1_| [x3_)->x1|| (x28&x3)
contains a subpattern of the form:

x1_||x2_

which can be unified with the input for the rule:
X1_||x1_||x2_-x1||x2

where these rules follow from Equationalized Axiom 4 and Substitution Lemma 17 respectively.

Substitution Lemma 18

It can be shown that:
(X1] | ((x1]|x2)&&X3))==(x1]| (x2&&x3))

PROOF

We start by taking Critical Pair Lemma 19, and apply the substitution:
(Xx1_ | [x2_)&&%(x1_]| |x3_)->x1| | (x2&&x3)

which follows from Equationalized Axiom 4.

Critical Pair Lemma 20

The following expressions are equivalent:

(Yol ltya)== (! (!x1][x2) | |!x1][x1)

PROOF

Note that the input for the rule:

Language” EquationalProofDump’ getConstructRule [EquationalProof ApplylLemma[222,x1_| |x1_-x1
contains a subpattern of the form:

P(IX2_ | |x3_) || 'x1_||x3_

which can be unified with the input for the rule:

X1_|[x2_|]!x2_->x2]|!x2

where these rules follow from Substitution Lemma 10 and Critical Pair Lemma 17 respectively.

Substitution Lemma 19
It can be shown that:
(Yalltya) = (!x1]|x1)

PROOF

We start by taking Critical Pair Lemma 20, and apply the substitution:
X1_|[x2_|]!x2_-x2]|!x2




which follows from Critical Pair Lemma 17.

Substitution Lemma 20

It can be shown that:

(Yalltya) = (!x1]|x1)

PROOF

We start by taking Substitution Lemma 19, and apply the substitution:
X1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 21

It can be shown that:

(Yalltya)=(x1]]!x1)

PROOF

We start by taking Substitution Lemma 20, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Critical Pair Lemma 21

The following expressions are equivalent:

(X1 ]| (x28& (x2] |Xx3)))==(x1]|x2]| | (x1&8&x3))
PROOF

Note that the input for the rule:

X1_ || ((x1_][x2_)&&x3_)->x1] | (x2&&x3)
contains a subpattern of the form:

(x1_| | x2_)&&x3_

which can be unified with the input for the rule:
(x1_| |x2_)&& (x2_| |x3_)->x2]| | (x1&&x3)
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where these rules follow from Substitution Lemma 18 and Critical Pair Lemma 3 respectively.

Substitution Lemma 22

It can be shown that:

(X1] |x2)==(x1] |x2] | (x1&&x3))

PROOF

We start by taking Critical Pair Lemma 21, and apply the substitution:
x1_&& (x1_| [x2_)-»x1

which follows from Substitution Lemma 15.

Critical Pair Lemma 22

The following expressions are equivalent:
(X1] |x2)==(x1] | (x1&8&x3) | | x2)
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PROOF

Note that the input for the rule:

x1_||x2_|| (x1_8&&x3_)-»x1]||x2

contains a subpattern of the form:

X2_ || (x1_&&x3_)

which can be unified with the input for the rule:
X1_| |X2_ex2_ | | x1_

where these rules follow from Substitution Lemma 22 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 23

The following expressions are equivalent:

(X1] |x2)==(x1] [x2] | (x3&8&x1))

PROOF

Note that the input for the rule:

x1_|[x2_|| (x1_8&&x3_)-»x1]| |x2

contains a subpattern of the form:

x1_&&x3_

which can be unified with the input for the rule:
x1_&8&x2_»x2_&&x1_

where these rules follow from Substitution Lemma 22 and Equationalized Axiom 9 respectively.

Critical Pair Lemma 24

The following expressions are equivalent:
(x1]|x2)==(x1]| (x3&&x1) | | x2)

PROOF

Note that the input for the rule:

X1 || (x1_&8&x2_) | |x3_-x1]||x3

contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:
x1_8&&x2_e»>x2_&&x1_

where these rules follow from Critical Pair Lemma 22 and Equationalized Axiom 9 respectively.

Critical Pair Lemma 25

The following expressions are equivalent:
(X1| |x2| [x3)==(x1] |x2]| |x3] |x1)
PROOF

Note that the input for the rule:
x1_|[x2_|| (x3_8&&x1_)-»x1]| |x2

contains a subpattern of the form:
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x3_&8&x1_

which can be unified with the input for the rule:

x1_&& (x1_| [x2_)->x1

where these rules follow from Critical Pair Lemma 23 and Substitution Lemma 15 respectively.

Critical Pair Lemma 26

The following expressions are equivalent:

(X1] |x2| [x3)==(x1] |x2]| |x2] |x3)

PROOF

Note that the input for the rule:

x1_ || (x2_8&&x1_) | |x3_-x1||x3

contains a subpattern of the form:

x2_&8&x1_

which can be unified with the input for the rule:
x1_&&(x2_| |x1_)-»x1

where these rules follow from Critical Pair Lemma 24 and Substitution Lemma 14 respectively.

Critical Pair Lemma 27

The following expressions are equivalent:
(X1] Ix2] [x3)==(x3] |x1]|x1][x2)
PROOF

Note that the input for the rule:
X1_|[x2_|[x3_][x1_-x1]|x2]|x3

contains a subpattern of the form:
X1_||x2_|[x3_]|[x1_

which can be unified with the input for the rule:
X1_ | [X2_¢»x2_| |x1_

where these rules follow from Critical Pair Lemma 25 and Equationalized Axiom 3 respectively.

Substitution Lemma 23

It can be shown that:

(x1] |x2] |x3)=(x3] |x1] |x2)

PROOF

We start by taking Critical Pair Lemma 27, and apply the substitution:
X1 _|[x2_||x2_]||x3_-x1]||x2]|x3

which follows from Critical Pair Lemma 26.

Substitution Lemma 24

It can be shown that:

(1 (X2l 1y11120) | 1Y1] 2ol 1X2) = (20| | ta0)

Ponnc
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We start by taking Equationalized Hypothesis 1, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 25

It can be shown that:

(1 (%21 1Y11120) | 120 1X2] 1Y1) = (e | a0)

PROOF

We start by taking Substitution Lemma 24, and apply the substitution:
x1_| |x2_-»x2||x1

which follows from Equationalized Axiom 3.
Substitution Lemma 26

It can be shown that:

(1 (x2112Ze1 1y1) | 1Zo] IX2] 1y1) == (26| | o)
PROOF

We start by taking Substitution Lemma 25, and apply the substitution:
X1_|[x2_-x2] |x1
which follows from Equationalized Axiom 3.

Substitution Lemma 27

It can be shown that:

(P (21 1zl 1y1) | 1Zel IX21 [y1) == (Y1l ]!y1)
PROOF

We start by taking Substitution Lemma 26, and apply the substitution:
X1_| [ !X1_>y1]|!tys

which follows from Substitution Lemma 21.

Substitution Lemma 28

It can be shown that:

(t (X2l 1Zel IY1) [ 1Zel IX21 Y1) = (Y2l |!y1)

PROOF

We start by taking Substitution Lemma 27, and apply the substitution:

x1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 29

It can be shown that:

(Y (X2l 1zel 1Y) | [Zel IX2] 1Y1) = (Y1l |!y1)
PROOF
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We start by taking Substitution Lemma 28, and apply the substitution:
X1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 30

It can be shown that:

(t (X2l 1Zel [Y1) [ 1Y1l12Zel 1X2) == (Y] |!Y1)

PROOF

We start by taking Substitution Lemma 29, and apply the substitution:
X1_||x2_||x3_-x3]||x1]|x2

which follows from Substitution Lemma 23.

Substitution Lemma 31

It can be shown that:

(t (X2l 2ol 1Y1) [ 1Zol 1Y1l 1X2) == (Y]] !Y1)

PROOF

We start by taking Substitution Lemma 30, and apply the substitution:
X1_ | [x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 32

It can be shown that:

(t (X2l 2ol IY1) | 1X211Zal 1Y1) = (Y2l |!Y1)

PROOF

We start by taking Substitution Lemma 31, and apply the substitution:
X1_||x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 33

It can be shown that:

(P (X201 1y1l1ze) | IX2l 2ol [y1) == (Y1l ]!Yy1)
PROOF

We start by taking Substitution Lemma 32, and apply the substitution:
x1_|[x2_-x2]| |x1
which follows from Equationalized Axiom 3.

Substitution Lemma 34

It can be shown that:
(P2l lyal1ze) | X211 1y1l12e)==(y1l|!y1)
PROOF

WA rdavk i dkaliina CuithetitiibiAan | Aanmnaa 29 anAd annhiitha cidlhckibnidb Ak
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vvE SLtal L Dy Laniilg SQUDSLILULIVIT LETTTTTA 29, dlU dpPpPLly LT SUusSLILuLIvILLL.
x1_||x2_-x2]| |x1
which follows from Equationalized Axiom 3.

Substitution Lemma 35

It can be shown that:

(P (y1llzel IX2) | IX2] |Y1l[2Ze)==(y1l1]!Yy1)

PROOF

We start by taking Substitution Lemma 34, and apply the substitution:
x1_| [x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 36

It can be shown that:

(' (Zol 1yal IX2) [ IX2] Y2l 12Ze)==(Yal|'Yy1)

PROOF

We start by taking Substitution Lemma 35, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 37

It can be shown that:

(P (X2l 1zl ya) [ IX2] 1Y1l1Ze) == (Y1l |'y1)
PROOF

We start by taking Substitution Lemma 36, and apply the substitution:
X1_|[x2_||x3_-x3]||x1]|x2

which follows from Substitution Lemma 23.

Substitution Lemma 38

It can be shown that:

(P (yal X2l 12ze) [ IX2] 1Y1l 1Ze) == (Yal | Y1)

PROOF

We start by taking Substitution Lemma 37, and apply the substitution:
x1_||[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 39

It can be shown that:

(P (Yol 1zl IX2) [ IX2] Y1l 12Ze)==(Yal|!y1)

PROOF

We start by taking Substitution Lemma 38, and apply the substitution:
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x1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 40

It can be shown that:

(2 [yl lzel 1! (YallZel 1X2))==(ysl|'y1)

PROOF

We start by taking Substitution Lemma 39, and apply the substitution:
x1_| |x2_-x2||x1

which follows from Equationalized Axiom 3.

Substitution Lemma 41

It can be shown that:

(21 [yl lzel 1! (YallZel1X2))==(ysl|'y1)

PROOF

We start by taking Substitution Lemma 40, and apply the substitution:
x1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 42

It can be shown that:

Ol 1yallzel [t (zel IX2]1Yy1))==(y2l]!y1)

PROOF

We start by taking Substitution Lemma 41, and apply the substitution:
x1_||x2_-x2]||x1

which follows from Equationalized Axiom 3.

Substitution Lemma 43

It can be shown that:

Ol 1yallzel [t (zel IX2]1Yy1))==(y2l]!y1)

PROOF

We start by taking Substitution Lemma 42, and apply the substitution:

x1_-x1

which follows from Substitution Lemma 13.

Substitution Lemma 44

It can be shown that:

Ol 1yallzel [t (YallZel [X2))==(y2l]!y1)
PROOF

We start by taking Substitution Lemma 43, and apply the substitution:
X1_||x2_||x3_-x3]||x1]|x2
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which follows from Substitution Lemma 23.

Substitution Lemma 45

It can be shown that:

Ol lyallzel [t (X2] 1y1l12ze))==(y2ll!y1)
PROOF

We start by taking Substitution Lemma 44, and apply the substitution:
X1_|[x2_-x2] |x1
which follows from Equationalized Axiom 3.

Conclusion 1

We obtain the conclusion:

True

PROOF

Take Substitution Lemma 45, and apply the substitution:
X1_| [ !X1_>y1]|!tys

which follows from Critical Pair Lemma 8.




Luka_eqv_to_PM.nb | 63

APPENDIX 6. Proof of PM implies CN1.

in24)= proofPMimpCN1 [ "ProofNotebook" ]

Axiom 1

We are given that:
PMAxioms

Hypothesis 1

We would like to show that:
Vixy,zy ((X2Y) = ((y=22) = (x=22)))
Equationalized Axiom 1

We generate the "equationalized" axiom:
X1== (X1 | | (x2&&!Xx2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
X1== (x1&& (X2 | !x2))
Equationalized Axiom 3

We generate the "equationalized" axiom:
(x1] |x2) == (x2] | x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(x1] | (x288&x3) ) == ( (X1| |x2)&&(x1]||x3))

Equationalized Axiom 5

We generate the "equationalized" axiom:
((x18&&x2) | | (x1&&x3) ) = (x1&& (x2| | x3) )

Equationalized Axiom 6

We generate the "equationalized" axiom:
(201 | !@e) ==PMAxioms
Equationalized Axiom 7

We generate the "equationalized" axiom:
(x18&8&x2) == (x28&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:
(112l 1ya) 11 (tyal12e) | 11X2] 120) == (30| | 130)

~ *x*_ I ~_* 1@ -
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Critical rFalr Lemma 1

The following expressions are equivalent:

(X1] | (x28&x3) ) ==((x2| |x1)&&(x1]|x3))
PROOF

Note that the input for the rule:

(x1_ | [x2_)&&(x1_]| [x3_)-»x1| | (x2&&x3)
contains a subpattern of the form:

x1_ | |x2_

which can be unified with the input for the rule:
X1_ | [X2_e»x2_ | |x1_

where these rules follow from Equationalized Axiom 4 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 2

The following expressions are equivalent:
x1== (x1&&PMAXxioms)

PROOF

Note that the input for the rule:
x1_&&(x2_| | !x2_)-»x1

contains a subpattern of the form:

X2_||!'x2_

which can be unified with the input for the rule:
ag| | ag-»PMAxioms

where these rules follow from Equationalized Axiom 2 and Equationalized Axiom 6 respectively.

Critical Pair Lemma 3

The following expressions are equivalent:

X1== (PMAxioms&8&x1)

PROOF

Note that the input for the rule:

x1_&&PMAxioms-»x1

contains a subpattern of the form:

x1_&&PMAxioms

which can be unified with the input for the rule:

x1_&8&x2_>x2_&&x1_

where these rules follow from Critical Pair Lemma 2 and Equationalized Axiom 7 respectively.

Critical Pair Lemma 4

The following expressions are equivalent:
(x1&& (PMAXxioms | | x2) ) == (X1 | | (x1&&x2))

ProOF




Luka_eqv_to_PM.nb | 65

Note that the input for the rule:
(x1_&8&x2_) | | (x1_&&x3_)-»>x1&&(x2]| |x3)
contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:
x1_&&PMAxioms->x1

where these rules follow from Equationalized Axiom 5 and Critical Pair Lemma 2 respectively.

Critical Pair Lemma 5

The following expressions are equivalent:

(x1] | tx1) ==PMAxioms

PROOF

Note that the input for the rule:
PMAxioms&&x1_ -x1

contains a subpattern of the form:
PMAxioms&&x1_

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 3 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 6

The following expressions are equivalent:

x1== (x1| | !PMAxioms)

PROOF

Note that the input for the rule:

x1_| | (x2_8&&!x2_)-x1

contains a subpattern of the form:

x2_&&!x2_

which can be unified with the input for the rule:
PMAxioms&&x1_-x1

where these rules follow from Equationalized Axiom 1 and Critical Pair Lemma 3 respectively.

Critical Pair Lemma 7

The following expressions are equivalent:
(X1] | (!'x1&8&x2) ) == (PMAxioms&& (x1| | x2) )

PROOF
Note that the input for the rule:
(Xx1_ | [x2_)&&(x1_]| |x3_)-»x1| | (x2&&x3)

contains a subpattern of the form:
x1_||x2_

] ' [ .re 1 PR | . . a1 1
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WhICNh can be unitied with the INput Tor the rule:
x1_] | !x1_-PMAxioms

where these rules follow from Equationalized Axiom 4 and Critical Pair Lemma 5 respectively.

Substitution Lemma 1

It can be shown that:

(x1] | ('x1&&x2))==(x1]| |x2)

PROOF

We start by taking Critical Pair Lemma 7, and apply the substitution:
PMAxioms&&x1_-»x1

which follows from Critical Pair Lemma 3.

Critical Pair Lemma 8

The following expressions are equivalent:

x1== (! PMAxioms | | x1)

PROOF

Note that the input for the rule:

x1_| | {PMAxioms-x1

contains a subpattern of the form:

x1_| | 'PMAxioms

which can be unified with the input for the rule:
X1_ | |X2_»>x2_| |x1_

where these rules follow from Critical Pair Lemma 6 and Equationalized Axiom 3 respectively.
Critical Pair Lemma 9

The following expressions are equivalent:

(x1&&!x1) == ! PMAxioms

PROOF

Note that the input for the rule:

IPMAxioms | | x1_-x1

contains a subpattern of the form:

!PMAxioms | | x1_

which can be unified with the input for the rule:
x1_| | (x2_8&&!x2_)-x1

where these rules follow from Critical Pair Lemma 8 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 10

The following expressions are equivalent:
(x1&& (!x1] | x2) ) == (! PMAxioms | | (x1&&x2))

PROOF
Note that the input for the rule:
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(x1_8&&x2_) | | (x1_&&x3_)-»>x1&&(x2]| | x3)

contains a subpattern of the form:

x1_&&x2_

which can be unified with the input for the rule:
x1_8&&!x1_-!PMAxioms

where these rules follow from Equationalized Axiom 5 and Critical Pair Lemma 9 respectively.
Substitution Lemma 2

It can be shown that:

(X1&& (!x1]| [x2)) == (x1&&x2)

PROOF

We start by taking Critical Pair Lemma 10, and apply the substitution:

!PMAxioms | | x1_-x1

which follows from Critical Pair Lemma 8.
Critical Pair Lemma 11

The following expressions are equivalent:
(x1&& (PMAxioms | | 1x1)) == (x1] | ! PMAxioms)
PROOF

Note that the input for the rule:

x1_ || (x1_8&&x2_)-»>x1&& (PMAxioms | | x2)

contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:

x1_&&!x1_-!PMAxioms

where these rules follow from Critical Pair Lemma 4 and Critical Pair Lemma 9 respectively.

Substitution Lemma 3

It can be shown that:

(x18&& (PMAxioms | | !x1)) ==x1

PROOF

We start by taking Critical Pair Lemma 11, and apply the substitution:
x1_| | {PMAxioms-x1

which follows from Critical Pair Lemma 6.

Critical Pair Lemma 12

The following expressions are equivalent:
(x18&& (PMAxioms | | x2) ) == (x1] | (x2&&x1))

PROOF
Note that the input for the rule:

w1 1l /w1 90w \ (w100 /DMAvI Aame | | wvIN\
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contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:
x1_&8&x2_e»>x2_8&&x1_

where these rules follow from Critical Pair Lemma 4 and Equationalized Axiom 7 respectively.

Critical Pair Lemma 13

The following expressions are equivalent:

(x1] | x1) == (x1&& (PMAxioms | | 1x1))

PROOF

Note that the input for the rule:

x1_|| (!x1_8&&x2_)-»x1]||x2

contains a subpattern of the form:

x1_ || (!x1_&&x2_)

which can be unified with the input for the rule:
x1_| | (x2_&&x1_) -»>x1&& (PMAxioms | | x2)

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 12 respectively.
Substitution Lemma 4

It can be shown that:

(x1] |x1)==x1

PROOF

We start by taking Critical Pair Lemma 13, and apply the substitution:
x1_&& (PMAxioms | | !x1_)-»x1

which follows from Substitution Lemma 3.

Critical Pair Lemma 14

The following expressions are equivalent:

(x1| | PMAxioms) == (x1| | ! x1)

PROOF

Note that the input for the rule:

x1_|| (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_&8&x2_

which can be unified with the input for the rule:

x1_&&PMAxioms-x1

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 2 respectively.

Substitution Lemma 5

It can be shown that:

so_a v i mRam__® ~aaa_
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(X1 ]| | PMAX10OMS ) ==PMAX10MS

PROOF

We start by taking Critical Pair Lemma 14, and apply the substitution:
x1_| | !x1_-PMAxioms

which follows from Critical Pair Lemma 5.

Critical Pair Lemma 15

The following expressions are equivalent:

(x1| |x1)==(x1]| | !PMAxioms)

PROOF

Note that the input for the rule:

x1_| | (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_8&8&x2_

which can be unified with the input for the rule:
x1_8&&!x1_-!PMAxioms

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 9 respectively.

Substitution Lemma 6

It can be shown that:

(x1] |x1)==x1

PROOF

We start by taking Critical Pair Lemma 15, and apply the substitution:

x1_| | 'PMAxioms-x1

which follows from Critical Pair Lemma 6.

Critical Pair Lemma 16

The following expressions are equivalent:

(X1| | (x2&&x1) )= ((x1]|x2)&&x1)

PROOF

Note that the input for the rule:

(Xx1_| [ x2_)&&(x1_| |x3_)->x1| | (x2&&x3)
contains a subpattern of the form:

xX1_||x3_

which can be unified with the input for the rule:
x1_|[x1_-x1

where these rules follow from Equationalized Axiom 4 and Substitution Lemma 4 respectively.

Substitution Lemma 7

It can be shown that:
(x1&& (PMAXioms | | x2) ) == ( (x1] | x2) &&x1)
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ProOF

We start by taking Critical Pair Lemma 16, and apply the substitution:
x1_ || (x2_8&&x1_)-»>x1&& (PMAxioms | | x2)
which follows from Critical Pair Lemma 12.

Critical Pair Lemma 17

The following expressions are equivalent:
PMAxioms=z (PMAxioms | | x1)

PROOF
Note that the input for the rule:

x1_| | PMAxioms—»PMAxioms

contains a subpattern of the form:
x1_| | PMAxioms

which can be unified with the input for the rule:
X1_ | |X2_e»Xx2_| |x1_

where these rules follow from Substitution Lemma 5 and Equationalized Axiom 3 respectively.

Substitution Lemma 8

It can be shown that:
x1_ || (x2_8&&x1_) -»x1&&PMAxioms

PROOF

We start by taking Critical Pair Lemma 12, and apply the substitution:
PMAxioms | | x1_-PMAxioms

which follows from Critical Pair Lemma 17.

Substitution Lemma 9

[t can be shown that:
x1_ || (x2_8&&x1_)-»x1

ProOF

We start by taking Substitution Lemma 8, and apply the substitution:
x1_&&PMAxioms-»x1
which follows from Critical Pair Lemma 2.

Substitution Lemma 10

It can be shown that:

(x1&&PMAxioms) == ( (X1] | x2) &&x1)

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:
PMAxioms | | x1_-PMAxioms

which follows from Critical Pair Lemma 17.




Substitution Lemma 11

[t can be shown that:
x1== ((x1] | x2) &8&x1)

ProOF

We start by taking Substitution Lemma 10, and apply the substitution:

x1_&&PMAxioms-»x1
which follows from Critical Pair Lemma 2.
Substitution Lemma 12

It can be shown that:
X1== (x1&& (x1] | x2))

ProOOF

We start by taking Substitution Lemma 11, and apply the substitution:

x1_&&x2_-»>x2&&x1
which follows from Equationalized Axiom 7.

Critical Pair Lemma 18

The following expressions are equivalent:

X1== (x1&& (x2] [ x1))

PROOF

Note that the input for the rule:

x1_&&(x1_| |x2_)-»x1

contains a subpattern of the form:

x1_|[x2_

which can be unified with the input for the rule:

X1_ | [X2_»x2_ | |x1_
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where these rules follow from Substitution Lemma 12 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 19

The following expressions are equivalent:
(X1] [x2) = (x1] |x2] | x1)

PROOF
Note that the input for the rule:

Language™ EquationalProofDump” getConstructRule [EquationalProof” ApplyLemma[168,x1_&&PMAxiorn

contains a subpattern of the form:

x2_&&x1_

which can be unified with the input for the rule:
x1_&&(x1_| |x2_)-»x1

where these rules follow from Substitution Lemma 9 and Substitution Lemma 12 respectively.

Critiral Dairl Amma 2N
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The following expressions are equivalent:

x1== (x1&&x1)

PROOF

Note that the input for the rule:

x1_&&(x2_| |x1_)-»x1

contains a subpattern of the form:

X2_ | |x1_

which can be unified with the input for the rule:
x1_| |x1_-sx1

where these rules follow from Critical Pair Lemma 18 and Substitution Lemma 6 respectively.

Critical Pair Lemma 21

The following expressions are equivalent:

(x1&&x2) == (x1&&x2&&x2)

PROOF

Note that the input for the rule:

x1_&&(x2_| |x1_)-»x1

contains a subpattern of the form:

X2_ | |x1_

which can be unified with the input for the rule:

Language” EquationalProofDump’ getConstructRule [EquationalProof ApplylLemma[168,x1_&&PMAxior
where these rules follow from Critical Pair Lemma 18 and Substitution Lemma 9 respectively.

Critical Pair Lemma 22

The following expressions are equivalent:
(x1][x2]]!x1)==(x1]]!x1)

PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1_&8&x2_

which can be unified with the input for the rule:
x1_&&(x2_| [x1_)-x1

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 18 respectively.

Substitution Lemma 13

It can be shown that:
(x1] |x2] | !x1) ==PMAxioms

ProOF




We start by taking Critical Pair Lemma 22, and apply the substitution:
x1_] | !x1_-PMAxioms

which follows from Critical Pair Lemma 5.

Substitution Lemma 14

It can be shown that:

(X1] [x2)==(x1]|x1]|x2)

PROOF

We start by taking Critical Pair Lemma 19, and apply the substitution:
X1_|[x2_-»x2] |x1

which follows from Equationalized Axiom 3.

Critical Pair Lemma 23

The following expressions are equivalent:

(XL ] ((x1] |x2)8&&x3)) == ((x1] |x2)&&(X1] |x3))
PROOF

Note that the input for the rule:

(Xx1_| |x2_)&&(x1_||x3_)->x1]| | (x28&&x3)
contains a subpattern of the form:

x1_||x2_

which can be unified with the input for the rule:
X1_| |x1_|[x2_-x1]||x2
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where these rules follow from Equationalized Axiom 4 and Substitution Lemma 14 respectively.

Substitution Lemma 15

It can be shown that:

(XL ] ((x1]|x2)&&x3))=(x1] | (x2&&x3))

PROOF

We start by taking Critical Pair Lemma 23, and apply the substitution:

(x1_| | x2_)&&(x1_| |x3_)->x1| | (x2&&x3)
which follows from Equationalized Axiom 4.

Critical Pair Lemma 24

The following expressions are equivalent:

(X1 | (x28& (x1] [x3)))=((x1]|x2)&&(x1]|x3))
PROOF

Note that the input for the rule:

(x1_| |x2_)&&(x1_||x3_)->x1]|| (x2&&x3)
contains a subpattern of the form:

X1_|[x3_

which can be unified with the input for the rule:
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Out[24]=

X1_||x1_||x2_-x1]|x2
where these rules follow from Equationalized Axiom 4 and Substitution Lemma 14 respectively.
Substitution Lemma 16

It can be shown that:
(X1] | (x28& (x| |x3)))=(x1]| (x28&&x3))

PROOF

We start by taking Critical Pair Lemma 24, and apply the substitution:
(x1_| |x2_)&&(x1_| |x3_)-x1|| (x288&x3)

which follows from Equationalized Axiom 4.

Substitution Lemma 17

It can be shown that:

x1== (x1&8&x1)

PROOF

We start by taking Critical Pair Lemma 20, and apply the substitution:
x1_&8&x2_-»x2&&x1

which follows from Equationalized Axiom 7.

Substitution Lemma 18

[t can be shown that:
(x1&&x2) == (x2&&x1&&x2)

PrROOF

We start by taking Critical Pair Lemma 21, and apply the substitution:
x1_&8&x2_-»x28&8&x1

which follows from Equationalized Axiom 7.

Critical Pair Lemma 25

The following expressions are equivalent:

(x18&x28&& ! x1) == (x18&& ! x1)

PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)->x1&&x2

contains a subpattern of the form:

Ix1_|[x2_

which can be unified with the input for the rule:

Language” EquationalProofDump’ getConstructRule [EquationalProof” ApplylLemma[168,x1_&&PMAxior
where these rules follow from Substitution Lemma 2 and Substitution Lemma 9 respectively.

Substitution Lemma 19

It can be shown that:
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(x1&&x28&& ! x1) == | PMAxioms
PROOF

We start by taking Critical Pair Lemma 25, and apply the substitution:
x1_8&&!x1_-!PMAxioms
which follows from Critical Pair Lemma 9.

Critical Pair Lemma 26

The following expressions are equivalent:
(x1&&x1) == (x1&&PMAxioms)

PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)->x1&&x2

contains a subpattern of the form:

IX1_|[x2_

which can be unified with the input for the rule:
x1_| | !x1_-PMAxioms

where these rules follow from Substitution Lemma 2 and Critical Pair Lemma 5 respectively.

Substitution Lemma 20

It can be shown that:
X1== (x1&&PMAXioms)

PROOF

We start by taking Critical Pair Lemma 26, and apply the substitution:
x1_&&x1_-x1

which follows from Substitution Lemma 17.

Substitution Lemma 21

It can be shown that:

True

PROOF

We start by taking Substitution Lemma 20, and apply the substitution:
x1_&&PMAxioms-»x1

which follows from Critical Pair Lemma 2.
Critical Pair Lemma 27

The following expressions are equivalent:

PMAxioms== (!x1]| | x2]| | x1)

PROOF

Note that the input for the rule:
x1_||x2_] | !x1_-PMAxioms
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contains a subpattern of the form:

1x1_

which can be unified with the input for the rule:
X1_-x1

where these rules follow from Substitution Lemma 13 and Substitution Lemma 21 respectively.

Critical Pair Lemma 28

The following expressions are equivalent:
(!PMAxioms) == (! x1&&x28&&x1)

PROOF

Note that the input for the rule:

x1_&&x2_ &&!x1_-!PMAxioms

contains a subpattern of the form:

1x1_

which can be unified with the input for the rule:
X1_-x1

where these rules follow from Substitution Lemma 19 and Substitution Lemma 21 respectively.
Critical Pair Lemma 29

The following expressions are equivalent:

(!'PMAxioms) == (! (x1] | x2) &&x1)

PROOF

Note that the input for the rule:

Ix1_&&x2_ &&x1_->!PMAxioms

contains a subpattern of the form:

xX2_&&x1_

which can be unified with the input for the rule:
x1_&&(x1_| |x2_)-»x1

where these rules follow from Critical Pair Lemma 28 and Substitution Lemma 12 respectively.

Substitution Lemma 22

It can be shown that:

(!'PMAxioms) == (x1&&! (x1]| [x2))

PROOF

We start by taking Critical Pair Lemma 29, and apply the substitution:
x1_&8&x2_-»x28&8&x1

which follows from Equationalized Axiom 7.

Critical Pair Lemma 30

The following expressions are equivalent:
(XL ]! (!x1]|x2))==(x1]||!PMAxioms)
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PROOF

Note that the input for the rule:

x1_|| (!x1_&&x2_)-x1||x2

contains a subpattern of the form:

Ix1_8&8&x2_

which can be unified with the input for the rule:

x1_&&! (x1_| |x2_)-!PMAxioms

where these rules follow from Substitution Lemma 1 and Substitution Lemma 22 respectively.

Substitution Lemma 23

It can be shown that:

(x1] |t (1x1]|x2))=x1

PROOF

We start by taking Critical Pair Lemma 30, and apply the substitution:
x1_| | {PMAxioms—-x1

which follows from Critical Pair Lemma 6.

Critical Pair Lemma 31

The following expressions are equivalent:

(P (x| |x2)) = (! (!x1]|x2)8&&x1)

PROOF

Note that the input for the rule:

x1_&&(x2_| |x1_)->x1

contains a subpattern of the form:

X2_ | |x1_

which can be unified with the input for the rule:
X1_ || ! (!x1_|[x2_)-»x1

where these rules follow from Critical Pair Lemma 18 and Substitution Lemma 23 respectively.

Critical Pair Lemma 32

The following expressions are equivalent:

(X1 ]| (X28& (X2| |x3)))==(x1]|x2]| | (x1&8&x3))

PROOF

Note that the input for the rule:

x1_ || ((x1_][x2_)&&x3_)->x1] | (x2&&x3)

contains a subpattern of the form:

(x1_| | x2_)&&x3_

which can be unified with the input for the rule:

(x1_| |x2_)&& (x2_| |x3_)->x2]| | (x1&&x3)

where these rules follow from Substitution Lemma 15 and Critical Pair Lemma 1 respectively.
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Substitution Lemma 24

It can be shown that:

(X1] |x2)==(x1] |x2] | (x1&&x3))

PROOF

We start by taking Critical Pair Lemma 32, and apply the substitution:
x1_&& (x1_| [x2_)-»x1

which follows from Substitution Lemma 12.

Critical Pair Lemma 33

The following expressions are equivalent:

(x1] [x2)==(x1]| (x1&8&x3) | | x2)

PROOF

Note that the input for the rule:

x1_||x2_|| (x1_8&&x3_)-»x1]||x2

contains a subpattern of the form:

X2_ || (x1_&&x3_)

which can be unified with the input for the rule:
X1_| |X2_ex2_ | | x1_

where these rules follow from Substitution Lemma 24 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 34

The following expressions are equivalent:
(x1]|x2)==(x1] |x2] | (x3&&x1))

PROOF

Note that the input for the rule:

x1_||x2_|| (x1_8&&x3_)-»x1]| |x2

contains a subpattern of the form:

x1_&&x3_

which can be unified with the input for the rule:
x1_8&&x2_&&x1_-»x2&&x1

where these rules follow from Substitution Lemma 24 and Substitution Lemma 18 respectively.

Critical Pair Lemma 35

The following expressions are equivalent:
(x1]|x2)==(x1]| (x3&&x1) | | x2)

PROOF

Note that the input for the rule:

X1 || (x1_8&8&x2_) | |x3_-x1]||x3

contains a subpattern of the form:
x1 &&x2
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which can be unified with the input for the rule:
x1_8&&x2_&&x1_-»x2&&x1
where these rules follow from Critical Pair Lemma 33 and Substitution Lemma 18 respectively.

Critical Pair Lemma 36

The following expressions are equivalent:

(X1| |x2| [x3)==(x1] |x2]| |x3] |x1)

PROOF

Note that the input for the rule:

x1_|[x2_|| (x3_8&&x1_)-»x1]| |x2

contains a subpattern of the form:

x3_&8&x1_

which can be unified with the input for the rule:
x1_&& (x1_| [x2_)->x1

where these rules follow from Critical Pair Lemma 34 and Substitution Lemma 12 respectively.

Critical Pair Lemma 37

The following expressions are equivalent:
(X1| |x2| [x3)==(x1] |x2]| |x2] |x3)
PROOF

Note that the input for the rule:

x1_ || (x2_&&x1_) | |x3_-x1]|x3

contains a subpattern of the form:

x2_&8x1_

which can be unified with the input for the rule:

x1_&& (x2_| [x1_)-»x1

where these rules follow from Critical Pair Lemma 35 and Critical Pair Lemma 18 respectively.

Substitution Lemma 25

It can be shown that:

(! (!x1][x2))==(x18&&! (!x1]|x2))

PROOF

We start by taking Critical Pair Lemma 31, and apply the substitution:
x1_&8&x2_-»x2&&x1

which follows from Equationalized Axiom 7.

Critical Pair Lemma 38

The following expressions are equivalent:
(X1] Ix2] [x3)==(x3] |x1]|x1][x2)

ProoOF
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Note that the input for the rule:
X1_|[x2_|[|x3_]|x1_-x1]|x2]|x3

contains a subpattern of the form:
X1_|[x2_|[x3_]||x1_

which can be unified with the input for the rule:
x1_||x2_ex2 | |x1_

where these rules follow from Critical Pair Lemma 36 and Equationalized Axiom 3 respectively.

Substitution Lemma 26

It can be shown that:

(X1] Ix2] [x3)==(x3] | x1] | x2)

PROOF

We start by taking Critical Pair Lemma 38, and apply the substitution:
x1_| |x2_| |x2_| |x3_-»x1]||x2]|x3

which follows from Critical Pair Lemma 37.

Critical Pair Lemma 39

The following expressions are equivalent:

True

ProoF

Note that the input for the rule:
x1_||x2_||x3_ex3 | [x1_||x2_

contains a subpattern of the form:
X1_|[x2_]|x3_

which can be unified with the input for the rule:
X1_ | |X2_¢»x2_| |x1_

where these rules follow from Substitution Lemma 26 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 40

The following expressions are equivalent:
(x1]|x2]|!(x1]|x2))==PMAxioms

PROOF

Note that the input for the rule:

X1 _|[x2_|[x3_-x1]|x2]|x3

contains a subpattern of the form:
X1_|[x2_]|x3_

which can be unified with the input for the rule:
x1_] | !x1_-PMAxioms

where these rules follow from Critical Pair Lemma 39 and Critical Pair Lemma 5 respectively.

Critical Pair Lemma 41
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The following expressions are equivalent:

(X1&& (X2 | | ! (!'x1]|x2))) == (x1&&PMAXioms)

PROOF

Note that the input for the rule:

x1_&& (!x1_| |x2_)-»>x1&&x2

contains a subpattern of the form:

Ix1_||x2_

which can be unified with the input for the rule:

x1_||x2_]||!(x1_]| |x2_)-»PMAxioms

where these rules follow from Substitution Lemma 2 and Critical Pair Lemma 40 respectively.

Substitution Lemma 27
It can be shown that:

(X1&& (X2 | ! (!x1]|x2)))=x1
PROOF

We start by taking Critical Pair Lemma 41, and apply the substitution:
x1_&&PMAxioms-»x1
which follows from Critical Pair Lemma 2.

Critical Pair Lemma 42

The following expressions are equivalent:
(X1 ]| (x2&&! (1x2] |x1)))==(x1]|x2)
PROOF

Note that the input for the rule:

x1_ || (x2_8&&(x1_]||x3_))->x1|| (x2&&x3)

contains a subpattern of the form:

X2_&&(x1_||x3_)

which can be unified with the input for the rule:

x1 &&(x2_||!(!x1_||x2_))-»x1

where these rules follow from Substitution Lemma 16 and Substitution Lemma 27 respectively.

Substitution Lemma 28

[t can be shown that:
(X2 [ (Ix2][x1))==(x1]]|x2)

PrROOF

We start by taking Critical Pair Lemma 42, and apply the substitution:
x1_&&! (!x1_|[|x2_)-! (!x1]|x2)
which follows from Substitution Lemma 25.

Substitution Lemma 29

[t can be shown that:
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(1 (1%l 1y2) [11Xal 1Zel [t (1y1l120)) = (20| | a0)

PROOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 30

It can be shown that:

(1% 1Zol 11 (ty2l12Ze) 11! (1X2]1y1))==(ael|!a0)

PROOF

We start by taking Substitution Lemma 29, and apply the substitution:
X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 31

It can be shown that:

(!X2] 1Zo| |1 ('y1l12Ze) | ]! (!Xz2] |y1) ) ==PMAXxioms

PROOF

We start by taking Substitution Lemma 30, and apply the substitution:
3| | ag-»PMAxioms

which follows from Equationalized Axiom 6.

Substitution Lemma 32

It can be shown that:

(!%2] 1zel |1 (tysl12e) | It (!X2]|y1))==PMAXxioms

PROOF

We start by taking Substitution Lemma 31, and apply the substitution:
X1_|[x2_|[|x3_-x1]|x2]|x3

which follows from Critical Pair Lemma 39.

Substitution Lemma 33

It can be shown that:

(%21 1zel 11 (tysl12e) | It (!X2] Y1) )==PMAXxioms

PROOF

We start by taking Substitution Lemma 32, and apply the substitution:
X1 _||x2_|[|x3_-x1]|x2]|x3

which follows from Critical Pair Lemma 39.

Substitution Lemma 34

It can be shown that:
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(!1%2] 1Zel lyal |t (!X2]|y1))==PMAxioms

PROOF

We start by taking Substitution Lemma 33, and apply the substitution:
X1 || (!x2_][x1_)->x1]|x2

which follows from Substitution Lemma 28.

Substitution Lemma 35

It can be shown that:

(!%2| Y2l l2Zel |t (!X2] |Y1))==PMAxioms

PROOF

We start by taking Substitution Lemma 34, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 36

It can be shown that:

(!X2] 1y1l12zel | ! (Y1l !X2))==PMAxioms

PROOF

We start by taking Substitution Lemma 35, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 37

It can be shown that:

(12| 11 (Y2l 1tX2) | 1Y1]|2Ze) ==PMAXioms

PROOF

We start by taking Substitution Lemma 36, and apply the substitution:
x1_|[x2_-x2]| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 38

It can be shown that:
(* (Y2l 1'%2) | 1y1]12e] | tX2) ==PMAxioms
PROOF

We start by taking Substitution Lemma 37, and apply the substitution:
x1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 39

[t can be shown that:
(Y (!X 1 Iva) 1 1vallzal |l 1X5) ==PMAxioms
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PROOF
We start by taking Substitution Lemma 38, and apply the substitution:
x1_| |x2_-x2| |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 40

It can be shown that:

(P ("% 1Y1) | 1Y1l12Zel | tX2) ==PMAXxioms

PROOF

We start by taking Substitution Lemma 39, and apply the substitution:
x1_| |x2_|[x3_-x1]||x2]|x3

which follows from Critical Pair Lemma 39.

Substitution Lemma 41

It can be shown that:

(Y (X2 1y1) | 1y1l12el | !X2) ==PMAxioms

PROOF

We start by taking Substitution Lemma 40, and apply the substitution:
x1_||x2_||x3_-x1]||x2]|x3

which follows from Critical Pair Lemma 39.

Substitution Lemma 42

It can be shown that:

(Y (!X2]1y1) | |Zel | ! X2 |y1) ==PMAxioms

PROOF

We start by taking Substitution Lemma 41, and apply the substitution:
X1_| |x2_-x2]||x1

which follows from Equationalized Axiom 3.

Substitution Lemma 43

It can be shown that:

(Y (yal1!'%2) | 1Zel | ! X2 |y1) ==PMAxioms

PROOF

We start by taking Substitution Lemma 42, and apply the substitution:
X1_||x2_-x2] |x1

which follows from Equationalized Axiom 3.

Substitution Lemma 44

[t can be shown that:
(P (Y2l 1'%2) [ |Ze| | !X2] | y1) ==PMAxioms

-~
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FROOF

We start by taking Substitution Lemma 43, and apply the substitution:
X1 | [x2_|[x3_-x1]|x2]|x3
which follows from Critical Pair Lemma 39.

Substitution Lemma 45

It can be shown that:

(Y (y1l1!'%2) | 1Zel Y1l | !X2) ==PMAxioms

PROOF

We start by taking Substitution Lemma 44, and apply the substitution:
X1_|[x2_-x2] |x1

which follows from Equationalized Axiom 3.

Conclusion 1

We obtain the conclusion:

True
PROOF
Take Substitution Lemma 45, and apply the substitution:

Ix1_|[x2_]| |x1_-PMAxioms

which follows from Critical Pair Lemma 27.
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APPENDIX 7. Proof of PM implies CN2.

in2si= proofPMimpCN2 [ "ProofNotebook" ]

Axiom 1

We are given that:
PMAxioms

Hypothesis 1

We would like to show that:

Y ixyy (X2 (1X2Y))
Equationalized Axiom 1

We generate the "equationalized" axiom:
x1== (X1 | (x2&&!x2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
X1== (x1&& (X2 | !x2))

Equationalized Axiom 3

We generate the "equationalized" axiom:
(x1] |x2) = (x2] | x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(x1] | (x288&x3)) == ( (X1 |x2)8&&(x1]|x3))

Equationalized Axiom 5

We generate the "equationalized" axiom:
((x188&x2) | | (x18&x3) ) == (x18& (X2 | | x3))

Equationalized Axiom 6

We generate the "equationalized" axiom:
(201 | t@e) ==PMAxioms
Equationalized Axiom 7

We generate the "equationalized" axiom:
(Xx18&8&x2) == (x28&&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:

(11| 1X1] Ye) = (a0 | !30)

V0 I S [ o WL R [ |
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CritiCal rFair Lemimna 1

The following expressions are equivalent:

Xx1== (x1&&PMAXxioms)

PROOF

Note that the input for the rule:
x1_&&(x2_| | !x2_)-»x1

contains a subpattern of the form:

X2_||!x2_

which can be unified with the input for the rule:
3| | !ag-»PMAxioms

where these rules follow from Equationalized Axiom 2 and Equationalized Axiom 6 respectively.

Critical Pair Lemma 2

The following expressions are equivalent:

X1== (PMAXxioms&&x1)

PROOF

Note that the input for the rule:

x1_&&PMAxioms-x1

contains a subpattern of the form:

x1_&&PMAxioms

which can be unified with the input for the rule:

x1_&&x2_¢»>x2_&&x1_

where these rules follow from Critical Pair Lemma 1 and Equationalized Axiom 7 respectively.

Critical Pair Lemma 3

The following expressions are equivalent:

(x1&& (PMAXioms | | X2) ) == (X1 | | (x18&8&x2))

PROOF

Note that the input for the rule:

(x1_&&x2_) | | (x1_&&x3_)-»>x1&& (x2]| | x3)

contains a subpattern of the form:

x1_&8x2_

which can be unified with the input for the rule:

x1_&&PMAxioms->x1

where these rules follow from Equationalized Axiom 5 and Critical Pair Lemma 1 respectively.

Critical Pair Lemma 4

The following expressions are equivalent:
(x1] | !x1) ==PMAxioms

ProOF
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Note that the input for the rule:
PMAXxioms&&x1 -x1

contains a subpattern of the form:
PMAxioms&&x1_

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 2 and Equationalized Axiom 2 respectively.

Critical Pair Lemma 5

The following expressions are equivalent:

x1== (x1| | !PMAxioms)

PROOF

Note that the input for the rule:

x1_| | (x2_8&&!x2_)-x1

contains a subpattern of the form:

x2_8&&!x2_

which can be unified with the input for the rule:
PMAxioms&&x1_-x1

where these rules follow from Equationalized Axiom 1 and Critical Pair Lemma 2 respectively.

Critical Pair Lemma 6

The following expressions are equivalent:

(x1] | (!x18&&x2) ) == (PMAxioms&& (x1| | x2) )

PROOF

Note that the input for the rule:

(Xx1_| [x2_)&&(x1_| |x3_)->x1]|| (x2&&x3)

contains a subpattern of the form:

X1_|[x2_

which can be unified with the input for the rule:

x1_] | !x1_-PMAxioms

where these rules follow from Equationalized Axiom 4 and Critical Pair Lemma 4 respectively.

Substitution Lemma 1

It can be shown that:
(X1] | (!'x1&&x2))==(x1]| |x2)
PROOF

We start by taking Critical Pair Lemma 6, and apply the substitution:
PMAxioms&&x1_-x1
which follows from Critical Pair Lemma 2.

Critical Pair Lemma 7
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The following expressions are equivalent:
Xx1== (! PMAxioms | | x1)

PROOF
Note that the input for the rule:

x1_| | !PMAxioms-x1

contains a subpattern of the form:
x1_| | 'PMAxioms

which can be unified with the input for the rule:
X1_ | [X2_e»x2_ | |x1_

where these rules follow from Critical Pair Lemma 5 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 8

The following expressions are equivalent:
(x1&&!x1) == | PMAxioms

PROOF

Note that the input for the rule:
!PMAxioms | | x1_-x1

contains a subpattern of the form:
!PMAxioms | | x1_

which can be unified with the input for the rule:
x1_| | (x2_8&&!x2_)-x1

where these rules follow from Critical Pair Lemma 7 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 9

The following expressions are equivalent:
(x1&& (PMAxioms | | 1x1))==(x1] | ! PMAxioms)

PrROOF

Note that the input for the rule:

x1_ || (x1_8&&x2_)-»>x1&& (PMAxioms | | x2)
contains a subpattern of the form:

x1_&&x2_

which can be unified with the input for the rule:
x1_8&&!x1_-!PMAxioms

. where these rules follow from Critical Pair Lemma 3 and Critical Pair Lemma 8 respectively.

Substitution Lemma 2
It can be shown that:
(x1&& (PMAXxioms | | I1x1) ) ==x1

PrROOF

We start by taking Critical Pair Lemma 9, and apply the substitution:
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x1_| | 'PMAxioms-x1

which follows from Critical Pair Lemma 5.

Critical Pair Lemma 10

The following expressions are equivalent:

(x1&& (PMAXxioms | | x2) ) == (x1| | (x2&&x1) )

PROOF

Note that the input for the rule:

x1_ || (x1_8&&x2_)->x1&& (PMAxioms | | x2)

contains a subpattern of the form:

x1_&8&x2_

which can be unified with the input for the rule:

x1_8&&x2_e»>x2_&&x1_

where these rules follow from Critical Pair Lemma 3 and Equationalized Axiom 7 respectively.

Critical Pair Lemma 11

The following expressions are equivalent:
(x1] | x1) == (x1&& (PMAxioms | | !x1))
PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

x1_|| (!x1_&&x2_)

which can be unified with the input for the rule:

x1_ || (x2_8&&x1_)-»>x1&& (PMAxioms | | x2)

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 10 respectively.

Substitution Lemma 3

It can be shown that:

(x1] |x1)==x1

PROOF

We start by taking Critical Pair Lemma 11, and apply the substitution:
x1_&& (PMAxioms | | !x1_)-»x1

which follows from Substitution Lemma 2.
Critical Pair Lemma 12

The following expressions are equivalent:
(x1] | PMAxioms) == (x1| | ! x1)

PROOF

Note that the input for the rule:

vl 11 /71v1l 22v) \ .v1llv)
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AL || \AE_SXNL ) TAL] | A
contains a subpattern of the form:

Ix1_&8x2_

which can be unified with the input for the rule:

x1_&&PMAxioms-x1

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 1 respectively.

Substitution Lemma 4
It can be shown that:

(x1| |PMAxioms) ==PMAxioms
PROOF

We start by taking Critical Pair Lemma 12, and apply the substitution:
x1_] | !x1_-PMAxioms

which follows from Critical Pair Lemma 4.

Critical Pair Lemma 13

The following expressions are equivalent:

(X1 | | (x2&&x1) ) == ((x1] | x2)&8&x1)

PROOF

Note that the input for the rule:

(x1_| |x2_)&&(x1_||x3_)-»x1| | (x2&&x3)
contains a subpattern of the form:

x1_|[x3_

which can be unified with the input for the rule:
x1_| |x1_-x1

where these rules follow from Equationalized Axiom 4 and Substitution Lemma 3 respectively.

Substitution Lemma 5

It can be shown that:
(x1&& (PMAXioms | | x2) ) == ( (x1] | x2) &&x1)
ProoF

We start by taking Critical Pair Lemma 13, and apply the substitution:
x1_| | (x2_8&8&x1_)->x18& (PMAxioms | | x2)
which follows from Critical Pair Lemma 10.

Critical Pair Lemma 14

The following expressions are equivalent:

PMAxioms== (PMAxioms | | x1)
PROOF

Note that the input for the rule:
x1_| | PMAxioms-PMAxioms
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contains a subpattern of the form:

x1_| | PMAxioms

which can be unified with the input for the rule:
X1_ | [X2_<e»x2_| | x1_

where these rules follow from Substitution Lemma 4 and Equationalized Axiom 3 respectively.

Substitution Lemma 6

It can be shown that:
(x1&&PMAxioms) == ( (x1] | x2) &&x1)
PRrRoOOF

We start by taking Substitution Lemma 5, and apply the substitution:
PMAxioms | | x1_-PMAxioms
which follows from Critical Pair Lemma 14.

Substitution Lemma 7
It can be shown that:

x1== ((x1] | x2)&&x1)

PrROOF

We start by taking Substitution Lemma 6, and apply the substitution:
x1_&&PMAxioms-x1
which follows from Critical Pair Lemma 1.

Substitution Lemma 8

It can be shown that:

x1== (x1&& (x1]| [ x2))

PROOF

We start by taking Substitution Lemma 7, and apply the substitution:
x1_&8&x2_-»x2&8&x1

which follows from Equationalized Axiom 7.

Critical Pair Lemma 15

The following expressions are equivalent:
(x1]|!x1]|x2)==(x1]]!x1)

PROOF

Note that the input for the rule:

x1_| | (!1x1_&&x2_)-x1||x2

contains a subpattern of the form:

Ix1_8&8&x2_

which can be unified with the input for the rule:
x1_&&(x1_| |x2_)-»x1

where these rules follow from Substitution Lemma 1 and Substitution Lemma 8 resnectivelv.




Substitution Lemma 9

It can be shown that:

(x1] | 'x1] | x2) ==PMAxioms

PROOF

We start by taking Critical Pair Lemma 15, and apply the substitution:
x1_| | !x1_-PMAxioms

which follows from Critical Pair Lemma 4.

Substitution Lemma 10

It can be shown that:

(!X1] | X1] | Yo) ==PMAxioms

PrROOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:

§9||!§9»PMAxioms
which follows from Equationalized Axiom 6.

Conclusion 1

We obtain the conclusion:

True
PROOF
Take Substitution Lemma 10, and apply the substitution:

x1_| | !x1_||x2_-PMAxioms

which follows from Substitution Lemma 9.
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APPENDIX 8. Proof of PM implies CN3.

in2el= proofPMimpCN3 [ "ProofNotebook" ]

Axiom 1

We are given that:
PMAxioms

Hypothesis 1

We would like to show that:
Vyx ( (I X=X) =2X)
Equationalized Axiom 1

We generate the "equationalized" axiom:
x1== (Xx1| | (x2&&!x2))

Equationalized Axiom 2

We generate the "equationalized" axiom:
x1== (x1&& (x2] | !x2))
Equationalized Axiom 3

We generate the "equationalized" axiom:
(x1]|x2)==(x2] |x1)

Equationalized Axiom 4

We generate the "equationalized" axiom:
(X1] | (x2&&x3) ) == ((x1| |x2)&& (x1| |x3))
Equationalized Axiom 5

We generate the "equationalized" axiom:
(0| | tap) ==PMAXioms
Equationalized Axiom 6

We generate the "equationalized" axiom:
(x1&8&x2) == (x28&&x1)

Equationalized Hypothesis 1

We generate the "equationalized' hypothesis:
(! (Xl %) | IX0) == (2o | !20)

Critical Pair Lemma 1

The following expressions are equivalent:
Xx1:== (x1&&PMAxioms)

Dbonnc
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Note that the input for the rule:
x1_&&(x2_| | !x2_)-»x1

contains a subpattern of the form:

X2_||!x2_

which can be unified with the input for the rule:
ag | | 1ag-»PMAxioms

where these rules follow from Equationalized Axiom 2 and Equationalized Axiom 5 respectively.

Critical Pair Lemma 2

The following expressions are equivalent:

X1== (PMAXxioms&8&x1)

PROOF

Note that the input for the rule:

x1_&&PMAxioms-x1

contains a subpattern of the form:

x1_&&PMAxioms

which can be unified with the input for the rule:

x1_&8&x2_»x2_&&x1_

where these rules follow from Critical Pair Lemma 1 and Equationalized Axiom 6 respectively.

Critical Pair Lemma 3

The following expressions are equivalent:

(x1] | !x1) ==PMAxioms

PROOF

Note that the input for the rule:
PMAxioms&&x1_-x1

contains a subpattern of the form:
PMAXxioms&&x1 _

which can be unified with the input for the rule:
x1_&&(x2_| | !x2_)-»x1

where these rules follow from Critical Pair Lemma 2 and Equationalized Axiom 2 respectively.
Critical Pair Lemma 4

The following expressions are equivalent:

x1== (x1| | ! PMAxioms)

PROOF

Note that the input for the rule:
x1_ || (x2_8&&!x2_)-x1

contains a subpattern of the form:
¥? RR1v?
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Out[26]=

which can be unified with the input for the rule:
PMAxioms&&x1_-x1

where these rules follow from Equationalized Axiom 1 and Critical Pair Lemma 2 respectively.

Critical Pair Lemma 5

The following expressions are equivalent:

(Xx1] | (!x1&8&x2) ) == (PMAxioms&& (x1]| | x2) )

PROOF

Note that the input for the rule:

(x1_| |x2_)&&(x1_||x3_)->x1]|| (x2&&x3)

contains a subpattern of the form:

x1_||x2_

which can be unified with the input for the rule:

x1_| | !x1_-PMAxioms

where these rules follow from Equationalized Axiom 4 and Critical Pair Lemma 3 respectively.

Substitution Lemma 1
It can be shown that:

(x| | ('x1&8&x2)) == (x1] | x2)
PROOF

We start by taking Critical Pair Lemma 5, and apply the substitution:
PMAXxioms&&x1_-»x1
which follows from Critical Pair Lemma 2.

Critical Pair Lemma 6

The following expressions are equivalent:

Xx1== (! PMAxioms | | x1)

PROOF

Note that the input for the rule:

x1_| | !PMAxioms-x1

contains a subpattern of the form:

x1_| | ! PMAxioms

which can be unified with the input for the rule:
X1_| |X2_¢»x2_| |x1_

where these rules follow from Critical Pair Lemma 4 and Equationalized Axiom 3 respectively.

Critical Pair Lemma 7

The following expressions are equivalent:
(x1&&!x1) == ! PMAxioms

PrROOF
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Note that the input for the rule:

!PMAxioms | | x1_-x1

contains a subpattern of the form:

IPMAxioms | | x1_

which can be unified with the input for the rule:

x1_ || (x2_8&&!x2_)-»x1

where these rules follow from Critical Pair Lemma 6 and Equationalized Axiom 1 respectively.

Critical Pair Lemma 8

The following expressions are equivalent:
(x1] |x1) = (x1| | !PMAxioms)

PROOF

Note that the input for the rule:

x1_ || (!x1_&&x2_)-x1]||x2

contains a subpattern of the form:

Ix1 &8&x2_

which can be unified with the input for the rule:

x1_&&!x1_-!PMAxioms

where these rules follow from Substitution Lemma 1 and Critical Pair Lemma 7 respectively.

Substitution Lemma 2

It can be shown that:
(x1] | x1)==x1

PROOF
We start by taking Critical Pair Lemma 8, and apply the substitution:

x1_| | !PMAxioms-x1

which follows from Critical Pair Lemma 4.

Substitution Lemma 3

It can be shown that:

(! (Xl IXe) | IXo) = (aq| | !a6)

PROOF

We start by taking Equationalized Hypothesis 1, and apply the substitution:
x1_| |x2_-»x2||x1

which follows from Equationalized Axiom 3.

Substitution Lemma 4

It can be shown that:

(Xol 1! (Xl 1X0)) == (a0l | !20)

ProOF
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We start by taking Substitution Lemma 3, and apply the substitution:
X1_|[x2_-x2] |x1
which follows from Equationalized Axiom 3.

Substitution Lemma 5

It can be shown that:

(Xo | ! (Xo| | Xg) ) ==PMAXioms

PROOF

We start by taking Substitution Lemma 4, and apply the substitution:
ag | | 1ag-»PMAxioms

which follows from Equationalized Axiom 5.

Substitution Lemma 6

It can be shown that:

(Xg | | ! Xg) ==PMAXxioms

PROOF

We start by taking Substitution Lemma 5, and apply the substitution:

x1_| |x1_-x1

which follows from Substitution Lemma 2.

Conclusion 1

We obtain the conclusion:

True

PROOF

Take Substitution Lemma 6, and apply the substitution:
x1_| | !x1_-PMAxioms

which follows from Critical Pair Lemma 3.
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